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1 Hé phutong trink bdc nhdt ba dn va ing
dung

Chuong

Bai 1. HE phutong trink bic nhdt ba dn

Tém tit 1y thuyét

Pinh nghia hé phuong trinh bac nhit ba an
Dinh nghia.
e Phuong trinh bac nhat ba an la hé thic c6 dang
ar + by 4+ cz = d,

trong dé z, vy, z goi 1a ba an va a, b, ¢, d 1a cac sb6 thuc cho trude goi la cac heé sb, thoa
man a, b, ¢ khong dong thoi bang 0.

Mbi bo ba s6 (zo; yo; 20) thod man phuong trinh trén goi 14 mot nghiém ctia phuong trinh
bac nhat ba an.

e Heé ba phuong trinh bac nhat ba an 1a hé c6 dang

a1 x4+ by + iz =dy
s + boy + coz = dy
azx + by + c3z = d3

trong do z, y, z 1a ba an a;, b;, ¢;, d; 1a cac s thuc cho trude goi 1a cac he sb. O day cac
he s6 a;, by, ¢; (i = 1,2,3) khong dong thai bang 0.

Mbi bo ba s6 (xo; Yo; 20) thod man dong thoi ca ba phuong trinh ctia he goi 1a mot nghiem
cua hé phuong trinh.

Giai hé ba phuong trinh bac nhat ba an la tim tit ca céc nghiém ciia né.

nHé ba phuong trinh bac nhéat ba an con duge goi tit 1a hé phuong trinh bac nhéat ba an. %

(¢ Vi du 1: He phuong trinh nao duéi day la hé phuong trinh bac nhat ba an? Méi bo ba s6
(1;2;2), (—1;2;3) c6 la nghiém ciia he phuong trinh bac nhat ba an d6 khong?

20 —3y+4z=4 30— 2y +42 =6
(1) ¢ —z+2y+2=38 (2) {4 —by+2z=-3
3r+4dy —z2=2; r+3y—z=—1.



(¢ Ren luyén 1: Hé phuong trinh nao duéi day 1a hé phuong trinh bac nhat ba an? Mai bo
ba s6 (1;5;2), (1;1;1) va (—1;2;3) ¢6 la nghiém ciia hé phuong trinh bac nhat ba an d6 khong?

dr —2y+2=5 T+22=5
(1) < 4oz — by + 22 =7 (2) 2z —y+2z=—1
—x+3y+2z=3; 3r —2y = —T.

Giai hé phuong trinh bac nhit ba an bing phuong phap Gauss

Dinh nghia.

Dé giai he phuong trinh bac nhat ba an, ta c6 thé sit dung cac phép bién doi tuong duong dé
dua né vé hée phuong trinh bac nhat ba an dang tam giac, tit d6 tim nghiém ctia he.

Cach giai nhu thé goi 1a gidi hé phuong trinh bac nhdt ba dn bang phwong phdip Gauss.
(¢' Vi du 2: Giai hé phuong trinh sau bang phuong phap Gauss:

3r—y+2z=3 (1)
rT—y+z=2 (2)
y+2z=1. (3)

(¢" Vi du 3: Giai heé phuong trinh sau bang phuong phap Gauss:
r—2y+32=9 (1)
20 +3y—z=4  (2)
r+by—4z=2. (3)
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(¢’' Vi du 4: Giai he phuong trinh sau bang phuong phap Gauss:

2e4+2y—2z=-1 (1)
r+4y+z2=-8 (2)
r—2y—22=T. (3)

Nhan xét. Mot hé phuong trinh bac nhat ba an c¢6 thé c6 nghiem duy nhat, vo nghiém hoic
vo s6 nghiém.

(¢' Rén luyén 2: Gidi cac hé phuong trinh sau biang phuong phap Gauss:

r—2y=1 3 —y+22=2 r—y+z2=0
a)(r+2y—z2=-2 b) z+2y—z=1 c)r—4y+2z=-1
rT—=3y+z=3; 20 — 3y + 32 = 2; dr —y+ 3z =1.

(¢ Ren luyén 3: Tim phuong trinh ctia parabol (P): y = az? + bx + ¢ (a # 0), biét (P) di
qua ba diém A(0; —1), B(1; —-2) va C(2; —1).




Gv: Vi Ngoc Huy - THPT chuyén Lé Quy Doén - Ninh Thuj

St dung may tinh cam tay tim nghiém ctia hé phuong trinh bac nhat ba
an

Ngay nay, cting v6i su phat trién ctia khoa hoc ki thuat, ngusi ta da san xuét ra nhimg chiéc
may tinh cam tay nhoé gon, dé dang stt dung dé hd tro viec tinh toan. C6 nhiéu loai may tinh
cam tay c6 thé gitp tim nghiém ctia hé phuong trinh bac nhat ba an mot cach dé dang. Ching
han, ta c¢6 thé thuc hién trén mot loai may tinh cam tay nhu sau:

r—3y+22=5
(&' Vi du 5: Xét he phuong trinh { x + 2y — 3z =4

D6i v6i cac he phuong trinh bac nhat ba an vo nghiém hoiic vo s6 nghiem, sau khi thuc
hién tuong tu nhu Vi du 5, ta nhan dugc két qua hién thi tren man hinh may tinh cam tay
nhu sau:

vr 0 =diD]

Infinite Solution No Solution
Heé phuong trinh vo s6 nghiém Hé phuong trinh vo nghiém 7

(¢' Rén luyén 4: St dung mAay tinh cam tay, tim nghiém ctia cac hé phuong trinh sau:

'2x+y—z:—1
a) z+3y+22=2
(32 + 3y — 3z = —9;

(22 — 3y +22=5
b) Sz +2y—32=4
3z —y—2=2
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) {2z —y+2=—1

(¢ Rén luyén 5: Ba ban Nhan, Nghia va Phtc di vao cing tin clia truong. Nhan mua mot li
tra stta, mot li nude trai cay, hai cai banh ngot va tra 90000 dong. Nghia mua mot li tra siia,
ba cai banh ngot va trd 50000 dong. Phiic mua mot i tra sita, hai li nude trai cay, ba cai banh
ngot va tra 140000 dong. Goi x, y, z lan luot 1 gid tién clia mot i tra stta, mot 1i nude trai cay
va mot cai banh ngot tai cang tin do.

a) Lap cac hé thic thé hién mdi lien he gitta x, y va z.

b) Tim gid tién clia mot li tra sita, mot li nude trai cay va mot cai banh ngot tai cang tin do.

Bai 1: Trong céc hé phuong trinh sau, hé nao la hé phuong trinh bac nhat ba an? Mbi bo ba
s6 (—1;2;1), (—1,5;0,25; —1,25) c¢6 1a nghiem ctia he phuong trinh bac nhat ba an d6 khong?

( -1
20 — 4y — 3z = —

3r —2y+2=—6 br —2y+32=14 4
a) —2x+y+32=7 b) < 3z +2yz — 2z =2 c) {3x+8y—4z=

dor —y+72z=1; r—3y+2z=—1.




Bai 2: Giai cac hé phuong trinh sau bang phuong phap Gauss:

2v+3y =4 T+y+z=2 rT—y+5Hz=-2
a) ¢z —3y =2 b) Sz +3y+22=38 ) 2x+y+4z=2
204y — 2= 3; 3z —y+z=4 42y —z=4.

Bai 3: St dung mAy tinh cam tay, tim nghiém ctia cac hé phuong trinh sau:

r—5z =2 20 —y+2=3 r4+2y—z=1
a)(3r+y—42=3 b) z+2y—z=1 ) 2x+y—22=2
—r+2y+z2=—1; 3r+y — 22 =2; do — Ty — 4z = 4.

a) Parabol (P) c6 truc déi xting x = 1 va di qua hai diém A(1; —4), B(2; —3);

2°4

1 .
b) Parabol (P) c6 dinh [ (—; §) va di qua diem M (—1;3).
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Bai 5: Mot dai i ban ba loai gas A, B, C véi gia ban moi binh gas lan lugt 1a 520 000 dong,
480000 dong, 420 000 dong. Sau mot thang, dai 1f da ban duge 1299 binh gas cac loai véi tong
doanh thu dat 633960000 dong. Biét rang trong thang do, dai 1i ban dugc s6 binh gas loai B
bing mot nita tong s6 binh gas loai A va C. Tinh s6 binh gas méi loai ma dai 1i ban dugc trong
thang do.

Biti 2. HE PHUONG TRINHBAC NHATBA AN

BAI TAP

Bai 1: Hé nao dudi day 1a hé phuong trinh bac nhat ba an? Kiém tra xem bo s (2;0; —1) ¢6
phai 14 nghiém ctia hé phuong trinh bac nhat bac nhat ba an dé khong?

a) 2r+y—2z=295 b){ 2zx—¢y*+2z = 2
—3x+2y = —6; T+ 2y = —1

r+vy

{Q:U—y—z:20 r—y—3z = 20




Gv: Vi Ngoc Huy - THPT chuyén Lé Quy Doén - Ninh Thuj

Bai 3: Giai cac hé phuong trinh sau bang phuong phap Gauss

20—y —2z = 2 20 —y—2z = 2 r—3y—z = —6
a)¢ z+vy = 3 b)) z+2y+2z = 5 ) 2r—y+2z = 6
r—y+z = 2 —x+y = 2 4o — Ty = —0;
r—3y—z = —6 3r—y—"7z = 2 20 — 3y — 4z = =2
d){ 22—-y+22 = 6 e) dr—y+=z = 11 fyd dbe—y—2z = 3
dx — Ty = 3 —br—y—9z = =22 Tr—4y — 6z = 1.

Kiém tra lai két qua tim dugc bang cach st dung may tinh cam tay.

Bai 4: Ba nguoi cling 1a viéc cho mot cong ty véi vi tri 1lan luot 14 quan 1i kho, quan 1i vin
phong va tai xé xe tai. Tong tién luong hing nam ctia ngudi quan 1i kho va ngusi quan 1i vin
phong 13 164 triéu dong, con ctia ngudi quan i kho va tai xé xe tai 1a 156 triéu dong. Mdi nam,
nguoi quan i kho linh luong nhiéu hon tai xé xe tai 8 trieu dong. Héi luong hing nam ctia moi
nguoi la bao nhiéu?

Bai 5: Nam ngoai, ngudi ta c6 thé mua ba mau xe 6 t6 clia ba hang X, Y, Z v6i tong so tién
la 2,8 ti dong. Nam nay, do lam phat, dé mua ba chiéc xe d6 can 3,018 ti dong. Gia xe 06 to clia
hang X tang 8%, clia hang Y tang 5% va clia hiang Z tang 12%. Néu trong nam ngoai gia chiéc
xe clia hang Y thap hon 200 triéu dong so véi gia chiéc xe clia hdng X thi gia clia moi chiée xe
trong nam ngoai la bao nhiéu?
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Bai 6: Cho hé phuong trinh bac nhéat ba an sau

a1+ by +crz=dy
s + boy + coz = do
azx + by + c3z = ds.

a) Gia st (zo;Y0; 20) va (z1;y1; 21) 1a hai nghiém phan biét ctia hé phuong trinh trén. Chiing
To+T1 Yoty 2o+ 2
2 72 72
b) Stt dung két qua ctia cau a) chitng minh ring, néu hé phuong trinh bac nhat ba an c6 hai

nghiém phan biét thi né sé c6 vo s6 nghiém.

minh rang ( ) cing 1a mot nghiém cua he.

(x;y; z) da cho ¢6 la nghiém ctia hé phuong trinh tuong ting

On

Bai 1: Kiém tra xem mdi bo s
hay khong?
r+3y+2z =1
a) br—y+3z = 16 (0;3;—2),(12;5;—13),(1; —-2; 3);
—3r+Ty+z2z = 14

3r—y+42z = -—10
b) ¢ —z+y+22z = 6 (—2;4;0), (0; —3;10), (1; —1;5);
2c —y+2z = -8

rTt+y+z = 100
1
) Sr+3y+ 5z = 100.
(4;18;78), (8;11;81), (12;4; 84).




Bai 2: Giai cac hé phuong trinh

r—2y+4z = 4 dr+3y —bHz = —7 r+y+2z = 0
a) 3y—=z = 2 b) < 2y = 4 c) { 3r+2 = 2
2x = —10; y+z = 3 x = 10.

Bai 3: Giai cac hé phuong trinh

3r—y—2z = 5 r+2y+6z = 5 r+4dy—22z = 2
a)q 2r+y+3z = 6 b){ —x+y—22z = 3 ) dr+yt+z = -2
6r—y—4z = 9; r—4y—2z = 1; or + Ty — 5z = 6.

Bai 4: Tim s6 do ba géc clia mot tam giac, biét tong s6 do ciia goc thit nhat va goc thit hai
biang hai lan s6 do ctia goc thit ba, s6 do clia géc thit nhat 16n hon s6 do clia goc thit ba 1a 20°.
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Bai 5: Béac Thanh chia s6 tién 1 ti dong ctia minh cho ba khoan dau tu. Sau mot nam, tong sb
tien 1ai thu duge 1a 84 trieu dong. Lai suat cho ba khoan dau tu lan lugt 1a 6%, 8%, 15% va s6
tien dau tu cho khoan thi nhat bing tong s6 tién dau tu cho khoan thit hai va thit ba. Tinh s6
tien bac Thanh dau tu cho méi khodn.

Bai 6:
Khi mot qua béng duge da lén, né sé dat do cao nao dé roi
roi xubéng. Biét qui dao chuyén dong ciia qua bong la mot S
parabol va do cao h clia qua béng duge tinh theo cong thiic ';.")/ “._'.)

1 . g
h = §at2 + vgt + hyg, trong d6 do cao h va do cao ban dau ® ®

bing gidy, a 1a gia toc clia chuyén dong tinh bing m/s?, v,
la van t6c ban dau duge tinh bang m/s. Tim a, v, ho biét
sau 0,5 giay qua bong dat duge do cao 6,075 m; sau 1 giay
qua bong dat duge do cao 8,5 m; sau 2 giay qua bong dat
dugc do cao 6 m.

ho duge tinh bang mét, ¢ 1 thoi gian ctia chuyén dong tinh ?@\R\Ei ) \

Bai 7: Mot ctta hang ban do nam gom 4o so mi, quan au va 4o phong. Ngay thit nhat ban
duge 22 40 so mi, 12 quan au va 18 4o phong, doanh thu 1a 12 580 000 dong. Ngay thit hai ban
dude 16 40 so mi, 10 quan au va 20 4o phong, doanh thu 1a 10 800 000 dong. Ngay thit ba ban
duge 24 40 so mi, 15 quan au va 12 4o phong, doanh thu 1a 12 960 000 dong. Hoéi gid ban moi
40 s0 mi, mdi quan au va mdi 4o phong 1a bao nhieu? Biét gia ting loai trong ba ngay khong
thay doi.




Bai 8: Ba nhin hiéu banh quy 1a A, B, C dugc cung cap béi mot nha phan phdi. V6i ti le
thanh phan dinh dudng theo khéi luwgng, banh quy nhan hieu A chita 20% protein, banh quy
nhan hiéu B chita 28% protein va banh quy nhan hiéu C' chita 30% protein. Mot khach hang
muén mua mot don hang nhu sau

e Mua tong cong 224 cai banh quy bao gdm ca ba nhan hieu A, B, C.
e Luong protein trung binh ciia don hang nay (gom cd ba nhan hi¢u A, B, C) la 25%.
e Lugng banh nhan hieu A gap doi lugng banh nhan hieu C.

Tinh lugng banh quy méi loai ma khach hang d6 dat mua biét ring cac banh quy c6 khoi luong
nhu nhau.

Bai 9: Sit dung may tinh cam tay dé tim nghiém ctia cdc hé phuong trinh sau

—r+2y—32z = 2 r—=3y+z =1 r+y—3z = —1
a) 2r+y+2z = =3 b)q dy—4z =0 ) dz—dy—2 = -3
—2r—-3y+z = 5 r+2y—3z2 = —1; —r+4y—2z = 1.

Bai 3. Bai tdp chuyén dé -
Ung dung hé phuong trink

A A A 7 7 . A
bac nhat ba an (sdch cdnh dieu)

Cau 1:




Cho mach dién nhu hinh vé. Biét U=20V; R=0,5Q; 1, = 1Q; U
ro = 2. Tim cudng do dong dién Iy; Is; I chay qua mdi dién trdo. —

Cau 2: _HH_
Cho mach dién nhu Hinh vé. Biét U = 24V; D;: 12V — 6 W; U
Dy: 12V -12W; R =3Q. R
a) Tinh dién tr6é cia mo6i béng den. D,
D,

b) Tinh cudng do dong dién chay qua mo6i béng dén va dién trd

Cau 3: Tim céc hé s6 z, y, z dé can bang mdi phuong trinh phan ting hoa hoc sau
a) 2KCl0; % yKCl + 20,.
b) 2FeCly + yCly —% zFeCls.

c) zFe + yOy L0y 2Fey 0.

d) 2NaySO; + 2KMnO, + yNaHSO4 —% 2NaySOy4 + 2MnSO, + K>SOy + 3H,0.




Cau 4: Mot gido vien day Hoa tao 1000g dung dich HCI 25% tit ba loai dung dich HCI c6
nong do lan lugt 1a 10%, 20% va 30%. Tinh khéi lugng dung dich mdi loai. Biét rang lugng HCI

N 1
c6 trong dung dich 10% bang 1 luong HCI c6 trong dung dich 20%.

Cau 5: Tong s6 hat p, n, e trong hai nguyen tit kim loai A va B 1 177. Trong d6 s6 hat mang
dién nhiéu hon s6 hat khong mang dién 1a 47. S6 hat mang dién ctia nguyén ti B nhiéu hon clia
nguyen tit A 13 8. Xac dinh s6 hat proton trong mot nguyéen tir A.

Cau 6: Mot phan tit DNA c¢6 khéi lugng 1a 72 - 10* dvC va c¢6 2826 lien két hydrogen. Mach 2
c6 s6 nucleotide (nu) loai A bang 2 lan s6 nu loai T va bang 3 lan s6 nu loai X. Xac dinh s6
nucleotide mdi loai trén tiing mach ctia phan tit DNA d6. Biét ring mot nu c6 khoi lugng trung
binh la 300 dvC.

f2)=1.
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Cau 8: Ba lép 10A, 10B, 10C trong duge 164 cay bach dan va 316 cay thong. Mdi hoc sinh 16p
10A trong dugc 3 cay bach dan va 2 cay thong; mdi hoc sinh 16p 10B trong duge 2 cay bach
dan va 3 cay thong; mdi hoc sinh 16p 10C trong duge 5 cay thong. H6i mdi 16p c6 bao nhiéu
hoc sinh? Biét s6 hoc sinh 16p 10A bang trung binh cong ctia s6 hoc sinh hai 16p 10B va 10C.

. 1
Cau 9: Do cao h cia mot vat trong chuyén dong duge tinh béi cong thic h = §at2 + vot + hy,

v6i do cao h va do cao ban dau hg duge tinh bang mét (m), ¢ 1a thai gian ctia chuyén dong tinh
bing giay (s), a 1a gia tdc clia chuyén dong tinh bing m/s”, vy 1a van téc ban dau tinh bing
m/s. Tim a, vy, ho. Biét rang sau 1s va 3s vat cing dat duge do cao 50,225 m; sau 2s vat dat
do cao 55,125 m.

Cau 10: Mot ngan hang mudn dau tu s6 tien tin dung 1a 100 ti dong thu duge vao ba nguon:
mua trai phiéu v6i miic sinh 16i 8% /nam, cho vay thu 1ai suat 10%/nam va dau tu bat dong san
v6i mitc sinh 161 12%/nam. Theo diéu kién clia quy tin dung dé ra la tong s6 tién dau tu vao
trai phiéu va cho vay phai gap ba lan s6 tién dau tu vao bat dong sdn. Néu ngan hang mudn
thu duge mic thu nhap 9,6 ti dong hang nam thi nén dau tu nhu thé ndo vao ba nguon d6?




Bai 4. BAITAP CUOI CHUYEN DE 1

Két nbi tri thiic

Bai 1: Giai cac hé phuong trinh sau.

(2 +y+2=6

a){r+2y+32=14 b) <

(32— 2y —z=—4

(22 4y —62=1

)3z +2y—>5z2=>5 d) <

(Te+4y — 172 =T.

(22 — 2y +2=6
3r+2y+52=7
(7 + 3y — 6z =1.

(52 + 2y — 72 =6
20 + 3y 4+ 22 =17

(92 +8y —3z=1.

Bai 3: Tim parabol y = az? + bz + ¢ trong mdi trudng hop sau

a) Parabol di qua ba diém A(2; -1

~—

b) Parabol nhan duong thing = =

)
2

, B(4;3) va C(=1;8);

lam truc déi xing va di qua hai diém M(1;0), N(5; —4).
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va C'(4;1).

Bai 5: Mot doan xe chd 255 tan gao tiép té cho dong bao ving bi li lut. Doan xe c6 36 chiéc
gom ba loai: xe ché 5 tan, xe chd 7 tan va xe chd 10 tan. Biét ring tong s6 hai loai xe chd 5 tan
va chd 7 tan nhiéu gap ba lan s6 xe chd 10 tan. Héi méi loai xe ¢6 bao nhiéu chiéc?

Bai 6: Bac An 1a cht cita hang kinh doanh ca phé cho nhiing ngusi sanh ca phé. Bac c¢6 ba
loai ca phé noi tiéng ctia Viet Nam: Arabica, Robusta va Moka véi gid ban 1an lugt 1a 320 nghin
dong/kg, 280 nghin dong/kg va 260 nghin dong/kg. Bac mudn tron ba loai ca phé nay dé dugc
mot hén hop ca phé, sau d6 déng thanh cac goi 1 kg, ban vé6i gia 300 nghin dong/kg va lugng
ca phé Moka gap doi lugng ca phé Robusta trong méi géi. Hoi bac can tron ba loai ca phé nay
theo ti 1é nao?




Bai 7: Bac Viet c6 12 ha dat canh tac dé trong ba loai cay: ngo, khoai tay va dau tuong. Chi
phi trong 1 ha ngo 1a 4 triéu dong, 1 ha khoai tay 1a 3 trieu dong va 1 ha dau tuong 13 4, 5 trieu
dong. Do nhu cau thi truong, bac da trong khoai tay trén phan dién tich gap doi dién tich trong
ngo. Tong chi phi trong ba loai cay trén la 45,25 trieu dong. Héi dién tich trong méi loai cay 1a
bao nhiéu?

Bai 8: Can bang phuong trinh phan ttng hoa hoc sau

FGSQ + 02 —_— F6203 + SOQ

Bai 9: Ban Mai c6 ba lo dung dich chita mot loai acid. Dung dich A chia 10%, dung dich B
chita 30% va dung dich C chita 50% acid. Ban Mai lay tit méi lo mot luong dung dich va hoa
v6i nhau dé c6 50 g hén hop chita 32% acid nay, va lugng dung dich loai C' lay nhiéu gap doi
dung dich loai A. Tinh lugng dung dich mdi loai ban Mai da lay.

Bai 10:

Cho doan mach nhu hinh bén. Biét R, = 3690, Ry = 4590, I3 = 1,5 A la cudng do dong dién
trong mach chinh va hiéu dién thé gitta hai dau doan mach U = 60 V. Goi I; va I, 1a cudng
do dong dién mach ré. Tinh Iy, I, va Rs.
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Bai 11: Giai bai toan dan gian sau
Em di chg phién
Anh giti mot tién
Cam, thanh yén, quyt
Khong nhiéu thi it
Mua di mot tram
Cam ba dong mot
Quyt mot dong nam
Thanh yén tuoi tot
Nam dong mot trai.

Hoi moi thit mua bao nhiéu trai, biét mot tién bang 60 dong?

Bai 12: Mot con ngya gia 204 dong(don vi tién ¢6). C6 ba ngudi muén mua nhung mdi ngudi
khong du tién mua.

Ngudi thit nhat néi v6i hai ngusi kia: “Moi anh cho toi vay mot nita s6 tién clia minh thi toi du
tién mua ngua’;

Ngudi thit hai néi: “Mdi anh cho téi vay mot phan ba s6 tién ciia minh, toi sé mua dude nguya’;
Nguoi thit ba lai n6i: “Chi can mdi anh cho toi vay mot phan tu s6 tién ctia minh thi con ngya
sé la cua toi".

Ho6i mdi ngudi c6 bao nhiéu tién?




a Chan troi sang tao

Bai 1: Trong cac hé phuong trinh sau, hé nao la hé phuong trinh bac nhat ba an? Mbi bo ba

P 1 1 ) .
so (—1;0;1), (5, —5 —1) ¢6 1a nghiém ctia cac hé phuong trinh bac nhat ba an dé khong?

(20 —y+2=—1

a) { —rz+2y=1
3y — 22 =-2.

(40 — 2y +2=2
b) ¢8x+3z=1
| — 06y +2z=1

(32 — 2y + 2z = 2
o) Szy—y+2z=1

T+ 2y — 3yz = —2.

Bai 2: Giai cac hé phuong trinh sau bang phuong phap Gauss.
(2 —2y+2=3

a) ¢ —y+z2=2

Yy +2z=1

(30 — 2y —42=3

b) {4x 46y — 2z =17

[z + 2y = 5.

(v +y+2=1

) (3rxr—y—2=4
(z+ 5y +5z=—L
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Bai 3: Tim phuong trinh ciia parabol (P) : y = az? + bz + ¢ (a # 0), biét

a) Parabol (P) cat truc hoanh tai hai diém phan biét c6 hoanh do lan lugt 1a x = —2;2 = 1
va di qua diém M(—1;3);

b) Parabol (P) cét truc tung tai diém c6 tung do y = —2 va ham s6 dat gia tri nhé nhat
bang —4 tai x = 2.

Bai 4: Mot vién lam ngoc va hai vien hoang ngoc tri gia gap 3 lan mot vien ngoc bich. Con
bay vién lam ngoc va mot vien hoang ngoc tri gia gap 8 lan mot vién ngoc bich. Biét gia tieén
clia bo ba vién ngoc nay la 270 trieu dong. Tinh gia tién moi vien ngoc.

Bai 5: Bon ngu dan gép von mua chung mot chiée thuyén. Sé tien nguoi dau tien déng goép

bang mot nita tong s6 tién ctia nhing ngusi con lai. Ngudi thi hai déng gép bing 3 tong s6

X 2 ~, . N . . 2 P P 2 1 2 4 e X 2 ~, 0 N
tien cua nhitng ngusi con lai. Ngusi thit ba dong gép bang 1 tong so tien cia nhitng ngusi con

lai. Nguoi thtt tu déng gop 130 trieu dong. Chiéc thuyén nay duge mua gia bao nhieu?
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Bai 6: Mot quy dau tu du kién danh khoan tién 1,2 ti dong dé dau tu vao c6 phiéu. Dé thay
duge mitc do rii ro, cac ¢d phiéu duge phan thanh ba loai: 11ii ro cao, rii ro trung binh va rii
ro thap. Ban Giam dbc clia quy uéc tinh cac ¢d phiéu nti ro cao, rii ro trung binh va rii ro
thap sé c6 10i nhuan hing nam lan luot 1a 15%, 10% va 6%. Néu dat ra muc tieu dau tu c6 loi
nhuan trung binh 14 9% / nam trén téng s6 von dau tu, thi qui nén dau tu bao nhiéu tién vao
mdi loai co phiéu? Biét ring, dé an toan, khoan dau tu vio céc co phiéu rii ro thap sé gap doi
tong cac khoan dau tu vao cac cd phiéu thudc hai loai con lai.

Bai 7: Ba loai té bao A, B, C' thuc hién s6 lan nguyén phan lan lugt 1a 3,4, 5 va tong s6 té bao
con tao ra la 216. Biét rang khi chua thyc hién nguyén phan, s6 té bao loai C' bang trung binh
cong s6 té bao loai A va loai B. Sau khi thiyc hién nguyén phan, tong s6 té bao con loai A va
loai B dugc tao ra it hon s6 té bao con loai C' dugc tao ra la 40. Tinh s6 té bao con méi loai lic
ban dau.

Bai 8:
Cho so do6 mach dién nhu hinh bén. Biét rang R = Ry = Ry, = 5S). o
Hay tinh cac cuong do dong dién I, I; va Is. ) E—
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Bai 9: A, B va C 1a ba dung dich cting loai acid c6 nong do khac nhau. Biét ring néu tron ba
dung dich méi loai 100 ml thi duge dung dich nong do 0,4M (mol/lit); néu tron 100 ml dung
dich A v6i 200 ml dung dich B thi duge dung dich nong do 0, 6M/; néu tron 100 ml dung dich B
v6i 200 ml dung dich C' thi duge dung dich nong do 0,3 M. Mbi dung dich A, B va C' ¢6 nong
do bao nhiéu?

Bai 10: Xang sinh hoc E5 1a hon hgp xiing khong chi truyén thong va con sinh hoc(bio-ethanol).
Trong loai xéng nay chita 5% con sinh hoc. Khi dong co dot chay lugng con trén thi xay ra phan
ting hoa hoc

CoHgO + 0y ————— CO, + H0.

Can bang phuong trinh hoa hoc trén.

Bai 11: Trén thi truong hang hoa cé ba loai san pham A, B, C v6i gida mdi tan tuong tng 1a
x,y, z(don vi: trieu dong, x > 0,y > 0,z > 0). Lugng cung va lugng cau ctia mdi san pham
dugc cho trong bang dudi day

San pham Lugng cung Lugng cau
A Qs, = —60 + 4z — 2z Qp, =137-3z+y
B Qs, = —-30—2+5y—2|Qp, =131 +a —4dy+ 2
C Qs, = —30 — 22 + 3z Qp, =157T+y -2z

Tim gia ciia mdi san pham dé thi trudng can bang.




<. e 9. NG ~ 2
Bai 12: Giai bai todn co sau

Tram trau, tram cé
Trau ding &n nam
Trau nam an ba
Lu khu trau gia
Ba con mot bo

Hoi ¢6 bao nhiéu con trau ding, trau nam, trau gia?

Bai 5. UNG DUNG HE PHUONG
TRINH BAC NHAT BA AN

Giai bai toan bang cach lap hé phuong trinh

<3 Phuong phap:

Buéc 1: Lap hé phuong trinh
Chon an la nhing dai lugng chua biét.
Dua trén § nghia ctia cac dai luong chua biét, dat diéu kien cho an.
Dua vao dit kien ctia bai toan, lap hé phuong trinh véi cac an.

Budc 2: Giai hé phuong trinh

Budc 3: Kiém tra diéu kién ctia nghiém va két luan

(€ Vi du 1: Gia vé vao xem mot budi biéu dién xiéc gdm ba loai: 40 000 dong danh cho tré em
(duéi 6 tudi), 60 000 dong danh cho hoc sinh va 80 000 dong danh cho ngudi 16n. Tai budi biéu
dién, 900 vé da dugc ban ra va tong sb tien thu duge 1a 50 600 000 dong. Ngudi ta da ban dudc
bao nhiéu vé tré em, bao nhiéu vé hoc sinh va bao nhiéu vé ngudi 16n cho budi biéu dién d6?
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(¢' Rén luyén 1: Ba van dong viéen Hung, Diing va Manh tham gia thi dau noi dung ba mon
phdi hop: chay, bai va dap xe, trong dé6 tdc do trung binh clia ho trén mdi chiang dua dude cho
6 bang dudi day.

Van dong vien Toc do trupg binh (km/h)

Chay | Boi Dap xe
Hung 12,5 | 3,6 48
Ding 12| 3,75 45
Manh 12,5 4 45

Biét tong thoi gian thi dAu ba moén phdi hgp clia Hung 1a 1 gio 1 phut 30 giay, clia Diing 1a 1
gio 3 phut 40 giay va cia Manh 1a 1 gio 1 phat 55 giay. Tinh cy li ctia moi chang dua.

E) Ung dung trong giai bai toan Vat 1i, Héa hoc, Sinh hoc

(¢' Vi du 1: Ba té bao A, B, C sau mot s6 lan nguyén phan tao ra 88 té bao con. Biét sb té
bao B tao ra gap doi s6 té bao A tao ra. S6 lan nguyén phan ctia té bao B it hon s6 lan nguyén
phan ctia té bao C 13 hai lan. Tinh s6 lan nguyén phan ctia mdi té bao, biét ring mot té bao
sau mot lan nguyeén phan sé tao ra hai té bao mdi giong té bao ban dau.

(¢ Vi du 2: Dé nghién citu tic dung ciia ba loai vitamin két hop véi nhau, mot nha sinh vat
hoc mudn mdi con thé trong phong thi nghiém c6 ché do an udng hang ngay chita chinh xac 15
mg thiamine (B1), 40 mg riboflavin (B2) va 10 mg niacin (B3). C6 ba loai thic &n véi ham
lugng vitamin duge cho béi bang duéi day

Ham lugng vitamin (miligam) trong 100 g thic &n
Loai I | Loai I1 Loai 111
Thiamine (B1) 3 2 2

Loai vitamin




Riboflavin (B2) 7 5
Niacin (B3) 2 2 1

M&i con thoé can phai duge cung cap bao nhiéu gam thiic &n méi loai trong mot ngay?

(¢ Vi du 3:

Cho so do mach dién nhu hinh bén. Cac dién tré c6 sé do
lan luct 1a Ry = 6 Q, Ry, =4 Q va R3 = 3 . Tinh cac
cuong do dong dién Iy, I va I. — B e

(&' Vi du 4: Can bang phuong trinh phan hitng héa hoc khi d6 chdy nhom trong oxygen:

Al + 0y 25 ALOs.
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(¢' Rén luyén 2: Mot nha khoa hoc c¢6 ba dung dich cting mot loai acid nhung v6i nong do
khac nhau 1a 10%, 20% va 40%. Trong mot thi nghiém, dé tao ra 100 ml dung dich nong do 18%,
nha héa hoc da st dung lugng dung dich nong do 10% gap bon lan lugng dung dich nong do
40%. Tinh s6 mililit dung dich méi loai ma nha hoéa hoc dé da st dung trong thi nghiém nay.

(¢' Rén luyén 3: Ba loai té bao A, B, C thyc hién s6 lan nguyén phan lan lugt 1a 3, 4, 7 va
téng s6 té bao con tao ra la 480. Biét ring khi chua thyc hien nguyén phan, s6 té bao loai B
bing tong so té bao loai A va loai C. Sau khi thic hién nguyén phan, tong sé té bao con loai A
va loai C dugc tao ra gap nam lan s6 té bao con loai B dudc tao ra. Tinh s6 té bao con ciia mdi
loai lic ban dau.

(¢ Rén luyén 4:
Cho so do mach dién nhu hinh bén. Tinh cac cudng do dong dién I, 160
]1, ]2 va ]3. L ——

Lo
hose |
I
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Ung dung trong giai bai toan kinh té

(£ Vi du 5: Mot ong chii trang trai c6 24 ha dat canh téac du dinh st dung dé trong khoai tay,
bap cai va su hao véi chi phi dau tu cho méi hecta lan lugt 14 28 trieu dong, 24 trieu dong va 32
trieu dong. Qua tham do thi truong, ong da tinh toan dugde dién tich dat trong khoai tay can
gap ba dién tich dat trong bap cai. Biét ring ong c6 tong nguon von st dung dé trong ba loai
cay trén la 688 trieu dong. Tinh dién tich dat can sit dung dé trong mdi loai cay.

(& Vi du 6: Gid st Py, P, P3 lan lugt 1a gia ban (goi tat 1a gid) méi kilogam thit lon, thit bo
va thit ga trén thi truong. Qua khao sat, ngudi ta thay rang luong cung (lugng san pham dugc
dua vao thi truong dé ban) clia timg san pham nay phu thuoc vio gia clia né theo cong thiic
nhu sau

San pham Thit lgn Thit bo Thit ga
Lu’(}ng cung QSI = —238+4+ 2P ng =247+ P, QS3 = —445 4+ 3F;

Qua khao sat, ngudi ta thay lugng cau (lugng san pham ma ngudi tiéu ding c6 nhu cau mua)
clia timg san pham khong phu thudc vao gia clia sdn pham ma con phu thudc vio gia hai san
pham con lai theo céc cong thitc sau

San pham Thit lgn Thit bo Thit ga
Lu’ongcéu QDIZQQ—Pl—FPQ—Pg QD2:283—|—P1—P2—P3 QD3:25—P1—|—P2—P3

Ta néi thi truong can bang néu lugng cung mdi san pham bing lugng cau ctia mdi san pham do,

tl/I'C la QSI - QDla QSQ - QDQ Vé’ QSs = QD3'

Gi4 clia mdi san pham trén bing bao nhiéu thi thi trudng can bang?
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(¢ Vi du 7: Mot nha dau tu du dinh st dung 1 ti dong dé dau tu vao ba loai trai phiéu: ngin
han, trung han va dai han. Biét 1ai suat ctia ba loai trai phiéu ngan han, trung han, dai han
moi nam 1an lugt 1a 3%, 4%, 5%. Nguoi d6 duy dinh sé dau tu s6 tién vao trai phiéu trung han
gap doi sb tien dau tu vao trai phiéu ngin han v6i mong muén nhan duge tong tién lai trong
nam dau tien 1 4,2% s6 tien dau ty. Nguoi d6 nén dau tu vao mdi loai trai phiéu bao nhiéu
tien dé dap tng dudc mong mubn ctia minh?

(¢ Rén luyén 5: Xét thi truong che, ca pheé va ca cao. Goi x, y va z lan lugt 1a gia cia 1 kg
che, 1 kg ca pheé va 1 kg ca cao (don vi: nghin dong, x > 0, y > 0, z > 0). Céc lugng cung va
lugng cau clia mdi san pham duge cho nhu ban sau

San pham Lugng cung Lugng cau

Che Qs, = =380+ +y Qp, =350 —x — 2
Caphe | Qs,=-400+2+2y—2| @p, =760—2y— =2
Ca cao Qs =—30—-2x+32z |Qp,=45—-az+y—=z

Tim gia ctia mdi kilogam che, ca phé va ca cao dé thi trudng can bang.

(¢ Ren luyén 6: Dé md rong san xuit, mot cong ty da vay 800 trieu dong tit ba ngan hang A,
B va C, véi lai suat cho vay theo nam lan lugt 1a 6%, 8% va 9%. Biét ring tong s6 tien l1ai nam
dau tién cong ty phai trd cho ba ngan hang 1a 60 trieu dong va so tién lai cong ty tra cho hai
ngan hang A va C la bang nhau. Tinh s6 tién cong ty da vay ti mdi ngan hang.
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(¢' Reén luyén 7: Bac Nhan c6 650 tricu dong du dinh gii tiét kiem vao cidc ngan hang A, B
va C. Biét cac ngan hang A, B, C tra lai suat lan lugt 1a 8% /nam, 7,5%/nam va 7% /nam. Dé
phit hgp véi nhu cau, bac Nhan mong mudn sau mot nam, tong sé tién 1ai bac nhan duge 1a 50
trieu dong va s6 tien bac giii vao ngan hang B 16n hon sb tién giii vao ngan hang C' 1a 100 trieu
dong. Hay tinh gitp bac Nhan sb tién gii vao mdi ngan hang sao cho dap ting duge yéu cau clia
béac.

(¢ Rén luyén 8: Mot cong ty san xuat ba loai phan bén
e Loai A c6 chita 18% nito, 4% photphat va 5% kali;
e Loai B c6 chita 20% nito, 4% photphat va 4% kali;
e Loai C c6 chita 24% nito, 3% photphat va 6% kali;

Cong ty san xuat bao nhiéu kilogam mdi loai phan bon trén? Biét rang cong ty da dung hét
26 400 kg nito, 4 900 kg photphat, 6 200 kg kali.




PHUONG PHAP QUY NAP TOAN
HOC VA NHI THUC NEWTON

SN
=
Q

Bai 1. PHUONG PHAP QUY NAP TOANHOC

TOM TAT LY THUYET

Dinh Ii 1 (Nguyén li quy nap): Dé chiing minh ménh dé P(n) ding vdi moi s6 tu nhién
n > 1, ta thuc hién 2 budc sau:

e Budc 1: Ching té ménh dé ding véin = 1.

e Budc 2: Vdi moi so tu nhien k > 1, ta gid st P(k) ding (P(k) goi la gid thiét quy nap),
ta phai ching té P(k+ 1) ding.

Néu bai todn can chiing minh meénh dé P(n) ding v6i moi s6 tu nhién n > ng thi ta phai
thay thé s6 1 trong nguyén li trén thanh ng.

(¢" Vi du 1: V6i moi s6 ty nhién n > 1, chitng minh ring

143454+ (2n—1)=n> (1)



2" > n? 4+ 2. (1)

a Bai tap van dung

(¢’ Vi du 1: Chiing minh rang 3***2 — 8n — 9 chia hét cho 64 véi moi n € N*

(¢ Vi du 2: Trong mat phang, cho n(n > 2) duong thang, trong d6 khong c6 hai duong thang
nao song song va khong c6 ba duong thing nao dong quy. Goi S, 1a téng sb giao diém clia n
dudng thing nay.

a) Tinh S,, S3, Sy, S5 ting véi trudng hop c6 2, 3, 4, 5 dudng thang.

b) Tu do, duy doan cong thiic S, va chiing minh cong thitc d6 bang phuong phap quy nap.
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Bai 5: Chiing minh ring trong mit phang, n dudng thang khac nhau cting di qua mot diém
chia mat phing ra thanh 2n phan n € N*.




Bai 6: (Cong thic 1ai kép) Mot khoan tien A dong (goi 1a von) duge giii tiét kiem c6 ki han
& mot ngan hang theo thé thiic 1ai kép (tien 14i sau mdi ki han néu khong rit ra thi duge cong
vio von ciia ki ké tiép). Gid st 1ai suat theo ki 1a r khong ddi qua céc ki han, ngudi giti khong
rit tién von va lai trong sudt cac ki han dé cap sau day. Goi T}, 1 tong s6 tién von va lai clia
ngudi gii sau ki han thi n (n € N*).

a) Tinh T17 TQ, T3.

b) Tu d6, dy doan cong thiic tinh T}, va chitng minh cong thic d6 biang phuong phap quy
nap toan hoc.

Bai 1: Chiing minh cac déng thiic sau ding v6i moi n € N*.

1 2
a) 1-2+2.3+3.4+...+n.(n+1):”(”+ ;(nJr )‘

b) L4449 qppzo Pt +1)

c) 1+2+22+23 424 ...y 2n 1 =90 1,

Bai 2: Chiing minh ring, véi moi n € N*, ta c6

a) 52" — 1 chia hét cho 24.

b) n® + 5n chia hét cho 6.
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moi n € N*

Bai 4: Cho a,b > 0. Chiing minh riang bat déng thiic sau ding véi moi n € N*

a® 4+ b S (a—i—b)".
2 - 2

Bai 5: Chiing minh riing bat dang thitc sau ding v6i moi sb6 tit nhien n > 2

11 1 2n
I+ -+-+4=>

2 3 n_ n+1
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Bai 6: Trong mat phang, cho da gidc A;AsAsz... A, ¢6 n canh (n > 3). Goi S, 1a tong s6 do
cac goc trong cua da giac.

a) Tinh S3, Sy, S5 tuong tng véi trudng hop da giac 1a tam giac, t gidce, ngl gidc.

b) Tu do, dy doan cong thiic tinh S,, va chiing minh cong thitc d6 bang phuong phap quy nap
toan hoc.

Bai 7: Hang thang, mot ngudi giti vio ngan hang mot khoan tién tiét kiem khong ddi a dong.
Gia st 14i suat hiing thang la » khong doi va theo thé thitc 14i kép (tién lai clia thang trude
dugc cong vao von clia thang ké tiép). Goi T,(n > 1) la tong tién von va lai clia ngusi do co
trong ngan hang tai thoi diém ngay sau khi giti vao khoan tht n + 1.

a) Tinh Tl, TQ, T3.

b) Dy doan cong thiic tinh 7}, va chiing minh cong thitc d6 bang phuong phap quy nap toan
hoc.

B} BArTAP

Giai cac bai tap sach CTST
Bai 1: Mot dai li ban ba mau may diéu hoa A, B va C, v6i gia ban moi chiée theo tiing mau
lan lugt 1a 8 trieu dong, 10 trieu dong va 12 trieu dong. Thang trude, dai li ban duge 100 chiéc
gom c& ba mau va thu duge s6 tien 1a 980 trieu dong. Tinh s6 lugng méy diéu hoa mdi mau dai
li ban dugc trong thang trude, biét rang so6 tien thu duge tit ban may diéu hod mau A va mau
C 1a bang nhau.
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Bai 2: Nhan dip ki niém ngay thanh 1ap Doan Thanh nién Cong san Ho Chi Minh, mot trudng
Trung hoc phd thong da t6 chitc cho hoc sinh tham gia céc tro choi. Ban t6 chite da chon 100
ban va chia thanh ba nhém A, B, C dé tham gia tro choi thit nhat. Sau khi tro choi két thic,

ban t6 chitc chuyén 3 s6 ban 6 nhém A sang nhém B ; 5 s6 ban ¢ nhém B sang nhém C'; s6

ban chuyén tit nhém C sang nhom A va B déu bing 3 s6 ban 6 nhém C ban dau. Tuy nhién,

ngudi ta nhan thay sé6 ban ¢ mdi nhom la khong ddi qua hai tro choi. Ban t6 chiic da chia méi
nhoém bao nhiéu ban?

Bai 3: Mot cita hang giai khat chi phuc vu ba loai sinh t6: xoai, bo va méang cau. Dé pha mdi li
(coc) sinh t6 nay déu can dung dén sita dic, sita tuci va stta chua vé6i cong thiic cho § bang sau.

Sinh t6 (li) | Stta ddc (ml) | Stta tuoi (ml) | Stta chua (ml)
Xoai 20 100 30
Bo 10 120 20
Mang cau 20 100 20

Ngay hom qua ctta hang da dung hét 2/ sita dic; 12, 81 sita tuoi va 2,91 sita chua. Cita hang da
ban dugc bao nhiéu li sinh t6 mdi loai trong ngay hom qua?

Bai 4: Ba té bao A, B, C sau mot s6 lan nguyén phan tao ra 168 té bao con. Biét s6 té bao A
tao ra gap bon lan s6 té bao B tao ra va sb6 lan nguyén phan ctia té bao C nhiéu hon s6 lan
nguyén phan ciia té bao B 1a bén lan. Tinh s6 lan nguyén phan clia mdi té bao.




Bai 5:
Cho so do mach dién nhu vé bén. Biét Ry = 40, Ry = 4 va Ry = 8.
Tim cac cuong do dong dién [, I, va I3.

Bai 6: Can bang phuong trinh phéan tng khi dét chday khi methane trong oxygen:

CH, + Oy -2 CO, + H,0.

Bai 7: Mot nha méy c6 ba bo phan cit, may, déng géi dé san xuat ba loai sén pham: 4o thun,
40 s0 mi, 40 khodc. Thai gian (tinh bang phiit) ctia mdi bo phan dé san xuat 10 cii 4o mdi loai
dugc thé hién trong bang sau:

Bo phan Th(\ji gian (:cinh bang pht) dé/ san xuat 10 cai
Ao thun | Ao so mi Ao khoac
Cat 9 12 15
May 22 24 28
Dong go1 | 6 8 8
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Cac bo phan cat, may va déng goi co toéi da 80, 160 va 48 gid lao dong tuong ting moi ngay.
Hay lap ké hoach san xuat dé nha may hoat dong hét cong suét.

Bai 8: Ba Ha c6 1 ti dong dé dau tu vio co phiéu, trai phiéu va giti tiét kiem ngan hang. Co
phiéu sinh 1¢i nhuan 12%/ nam, trong khi trai phiéu va gt tiét kiem ngan hang cho 1ai suat lan
lugt 1a 8% /nam va 4% /nam. Ba Ha da quy dinh rang s6 tién gii tiét kiem ngan hang phai
biang tong ctia 20% s6 tién dau tu vao cb phiéu va 10% sb tien dau tu vao trai phiéu. Ba Ha nén
phan bd nguon vén ctia minh nhu thé nao dé nhan duge 100 trieu dong tién 1ai tit cac khoan
dau tu d6 trong nam dau tién?

Bai 9: Trén thi truong cé ba loai san pham A, B, C véi gida mdi tan san pham tuong tng 1a
x,y,z (don vi: triéu dong, * > 0,y > 0,2z > 0 ). Lugng cung va lugng cau clia mdi san pham
dugc cho trong bang dudi day:

San pham Lugng cung Lugng cau
A Qs, =4r—y—2-5 | Qp,=—"2x+y+2+9
B QSB:—$+4Q—Z—5 QDB:x_2y+Z+3
C Qs =—r—y+42—-1| Qp. =x+y—22—-1

Tim gia ban ctia mdi san pham dé thi truong can bing.




Bai 10: Tim gia ban ctia mdi san pham dé thi truong can bing. 10. Vé vao xem mot vé kich
c6 ba miic gia khac nhau tuy theo khu vitc ngodi trong nha hat. S6 lugng vé ban ra va doanh
thu ctia ba suat dién duge cho bdi bang sau:

Suat dién S6 vé ban dugc

Doanh thu (trieu dong)

Khu vue 1 | Khu vye 2 | Khu vue 3
10 h00 — 12 h0O 210 152 125 212,7
15 h00 — 17 h00 225 165 118 224.4
20 h00 — 22 h0O 254 186 130 252,2

Tim gia vé ing v6i mdi khu viie ngodi trong nha hat.

Bai 2. Nhi thitc Newton

Két néi tri thitc véi cudc soéng

Bai 1: Stt dung tam giac Pascal, viét khai trién:

a) (z —1)5. b) (2z — 3y)*.

a) (z+y)". b) (1 —2x)°.
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Bai 5: Tit khai trién biéu thitc (3z — 5)* thanh da thitc, hay tinh tong cac he s clia da thiic
nhan duge.




Gv: Vi Ngoc Huy - THPT chuyén Lé Quy Doén - Ninh Thuj

Bai 10: Biét rang (2+ )% = ag+a1x+ax?®+- - - +ai902'%. Vi gid tri nao ciia k (0 < k < 100)
thi aj 16n nhat?
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Bai 1: Khai trién cac bidu thic sau:
a) (2z +y)S. b) (x — 3y)°. c) (z—1)"
d) (z +2)" e) (z+y)™. f) (z —y)*"

trong d6 n 1a s6 nguyén duong.

Bai 2: Tinh:
a) S = Clops9% + Chop @71 -+ Clp 274 4.+ C30 + O

b) T = o™ = Clyp 2! -3+ - = G4 - 3% + OB,

Bai 3: Chtng minh:
CO3n+CL3m o - OR3P O 134 C = QY+ CL3 4+ -+ CE3F 4. - O 1301 4 O3
v6i 0 <k <n;k,neN.

Bai 4: Xac dinh hé s6 cta:

a) z'? trong khai trién ctia (v 4 4)%.




b) 2% trong khai trién ciia (3 + 2z)3.

. 2¢r 1\
c) x'® va 21® trong khai trieén clia (g — ?> :
5 12
Bai 5: Xét khai trién cia (:L“ + 5)
a) Xac dinh he s6 ctia 7. b) Néu hé s6 ciia 2% v6i k € N, k < 12.
. 1\
Bai 6: Xét khai trién ctia (5 + 3)
a) Xac dinh he s6 ctia 21°. b) Néu hé s ctia 2% v6i k € N, k < 21.

Bai 7: Tim hé s6 16n nhat trong khai trién ctlia:

a) (a+0b)%. b) (a +b)°.
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Bai 8: Chiing minh cong thitc nhi thitc Newton bang phuong phap quy nap:

(a+b)"=C%" +Cla" b+ +C'rab™ ! + O™ véi moin € N*,n > 2.

Bai 9: Bang phuong phap quy nap, chitng minh:

a) n® — n chia hét cho 5 v6i moi n € N*. b) n” — n chia hét cho 7 v6i moi n € N*.

Bai 10: Cho tap hgp A = {zy;x9;x3;...;2,} c6 n phan tii. Tinh s6 tap hgp con clia A.




Gv: Vi Ngoc Huy - THPT chuyén Lé Quy Doén - Ninh Thuj

Bai 11: Mot nhém gom 10 hoc sinh tham gia chién dich Mua he xanh. Nha truong mudn chon
ra mot doi cong tac co it nhat hai hoc sinh trong nhitng hoc sinh trén. Héi ¢6 bao nhiéu cach
lap doi cong tac nhu thé?

Bai 12: Dé tham gia mot cuoc thi lam banh, ban Tién lam 12 chiéc banh ¢6 mau khéc nhau
va chon ra s6 nguyéen duong chén chiéc banh dé cho vao mot hop trung bay. Hoi ban Tién c6
bao nhiéu céch dé chon banh cho vio hop trung bay dé?

Bai 13: Bac Thanh muén mua qua cho con nhan dip sinh nhat nén da dén mot ctta hang do
choi. Bac du dinh chon mot trong nam loai dd chai. O cita hang, méi loai dd choi d6 chi ¢6 10
san pham khac nhau bay béan.

Biét rang néu mua bo truc thing diéu khién tit xa, bac sé chi mua 1 sdn pham; néu mua
bo do choi lego, bac sé mua 3 san pham khéac nhau; néu mua bo lap ghép robot chay bing ning
lugng mat troi, bac sé mua 5 san pham khac nhau; néu mua rubik, bac sé mua 7 san pham khéc
nhau; con néu mua mo hinh khiing long, bac sé mua 9 san pham khac nhau. Bac Thanh cé bao
nhiéu cach chon qua sinh nhat cho con?

Bai 14: Gia st tinh trang ¢ mot loai cay duge quy dinh do tac dong cong gop cia n cap alen
phan li doc lap Ajaq, Asas, ..., Aya,. Cho cay Iy di hgp vé n cap alen giao phdi véi nhau. Ti le
phan li ki¢u hinh ctia F} 13 he s6 cia khai trién nhi thitic Newton (a + b)?", nghia la ti lé phan

li kiéu hinh ctia Fp 12 C9,: CL,: C2 ¢ ... : C3»2: O3 ': C27. Cho biét mot loai cay c6 tinh
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trang dugc quy dinh béi tac dong cong gop cua 4 cap alen phan li doc lap. Tim ti 1é phan li
kiéu hinh ctia F, néu cay Fy di hop vé 4 cap alen giao phdi véi nhau.

Bai 3. PHUONG PHAP QUY NAP TOANHOC

LUYEN TAP 1

Giai cac bai tap sach KNTT
Bai 1: Stt dung phuong phap quy nap toan hoc, chiing minh céc dang thitc sau ding véi moi
sO tu nhién n > 1.

a) 2+4+6+---+2n=n(n+1).

1)(2 1
b) 12+22+32+...—|-n?:n(nJr )2n+1)

Bai 2: Mb6i khang dinh sau la ding hay sai? Néu em nghi 1a né ding, hay ching minh né. Néu
em nghi la no sai, hady dua ra mdt phan vi du.
2

a) p(n) =n? —n+ 11 1a s6 nguyén t6 v6i moi s6 tu nhien n;

b) n? > n véi moi sd ty nhien n > 2.




a) Tinh Sl, 52, 53

b) Du doan cong thiic tinh tong S, va chitng minh biang quy nap.
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Bai 7: St dung phuong phap quy nap toan hoc, chitng minh ring s6 duong chéo ctia mot da

giac n canh (n > 4) la M

Bai 8: Ta sé “lap luan” bang quy nap toan hoc dé chi ra ring: “Moi con meo déu cé cling mau”.
Ta goi P(n) véi n nguyén duong la ménh dé sau: “Moi con meo trong mot dan gom n con déu
c6 cung mau’.

Buéc 1. V6i n =1 thi ménh dé P(1) 1a “Moi con meo trong mot dan gom 1 con déu c¢6 cling
mau”. Hién nhién meénh dé nay la ding!

Budc 2. Gia stt P(k) dung v6i mot s6 nguyén duong k > 1 nao do. Xét mot dan meo gom k + 1
con.

Goi ching 1a My, My, ..., M}.,. Bé con méo M ra khoi dan, ta nhan duge mot dan meo gom
k con la My, Ms, ..., M.

Theo gia thiét quy nap, cdc con meo c6 cliing mau.

Bay gid, thay vi bo con meo M, 1, ta bd con meo M dé c6 dan meo gdm k con 1a My, Ms, ..., Mjy1.
Van theo gid thiét quy nap thi cdc con meo My, Ms, ..., My, ¢6 cing mau.

Cubi ciing, dua con meo M, tré lai dan dé c6 dan meo ban dau. Theo cac lap luan trén: céc con
meo My, M, ..., My c6 cung mau va cac con meo My, My, ... My, ¢6 cung mau. Tw do suy
ra tat cd cac con meo M, My, ..., M, déu c6 cing mau.

Vay, theo nguyen li quy nap thi P(n) dang v6i moi s6 nguyén duong n. N6i rieng, néu goi N 1a
s6 meo hien tai tréen Trai Dat thi viec P(n) ding cho thay tat ci cac con meo (trén Trai Dat)
déu c6 cling mau!

Tét nhien 1a ta ¢ thé tim dude cac con meo khac mau nhau! Theo em thi “lap luan” trén day
sai ¢ cho nao?

E}) LuvENTAP2

Giai cac bai tap sach CD




Bai1: Cho S, =1+2+22+...+2"va T, =2"" — 1 véin € N*.

a) So sanh Sy va T1; .95 va Ty; S5 va Ts.
b) Dy doan cong thic tinh S,, va chiing minh bang phuong phap quy nap toan hoc.

1 1 1 1
Bai 2: ChoSn:1+§+§+---+2—nVaTn:2—2—n,v6in€N*.

a) So sanh Sy va T7; 55 va Ty; S va Tj.
b) Du doén cong thiic tinh S,, va chiing minh bang phuong phap quy nap toan hoc.

Bai 3: Cho S, = , VO N*.
ai 3: Cho S 1'5+5'9+9.13+ +(4n—3)(4n+1)V1n€

a) Tinh Sl, SQ, Sg, 54.

b) Dy doan cong thic tinh S,, va chiing minh bang phuong phap quy nap toan hoc.




Bai 5: Chtng minh véi moi n € N*, ta c6
a) 4" + 15n — 1 chia hét cho 9 ;

b) 13™ — 1 chia hét cho 6.




Gv: Vi Ngoc Huy - THPT chuyén Lé Quy Doén - Ninh Thuj

Bai 8: Cho tam gidc déu mau xanh (Hinh tht nhat).

A L A

Hinh thi nhat Hinh thit hai Hinh tht ba

a) Neéu quy luat chon tam gidc déu mau trang ¢ Hinh thi hai.
b) Neéu quy luat chon cac tam gidc déu mau trang 6 Hinh thi ba.

c) Néu quy luat tiép tuc chon cac tam giac déu mau trang tit Hinh thit tu va cac tam giac
déu mau trang & nhitng hinh sau do.

d) Tinh s6 tam gidc déu mau xanh lan lugt trong cdc Hinh thu nhét, Hinh thi hai, Hinh tha
ba.

e) Dy doan s6 tam giac déu mau xanh trong Hinh thi n. Ching minh két qui dé bing
phuong phap quy nap toan hoc.

Bai 9: Quan sat Hinh duéi day.

Q0900000
QVOVOVo
* 2 I B I I )
QPO Oovo
Q90900000
QUPVO9Ooe
Q9200000

a) Néeu quy luat sip xép cdc chadm dé va vang xen ké nhau khi xép cac cham dé tir géc trén
bén trai xuéng goc dusi bén phai (tao thanh hinh vuong).

b) Gia sit hinh vuong thit n ¢6 mdi canh chita n chadm. Tinh tdng s6 chdm duge xép trong
hinh vuéng (ké ci trén canh). Chiing minh két qua dé bang phuong phap quy nap toan
hoc.
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Bai 10: Gia st nam dau tién, co Hanh giti vao ngan hang A (dong) voi 1ai suat r% /nam.
Hét nam dau tién, co Hanh khong rat tién ra va giii them A (dong) nita. Hét nam thi hai,
c6 Hanh ciing khong rat tieén ra va lai gii them A (dong) nita. Ctt tiép tuc nhu vay cho
nhiing nam sau. Chiing minh s6 tién ca von 1an lai ma c¢6 Hanh c6 duge sau n (nam) la

~A(100 + ) [(1 T

n
+ m) - 1} (dong), néu trong khodng thoi gian nay 1ai suat khong thay
,

Bai 11: Mot ngudi giii s6 tien A (dong) vao ngan hang. Biéu lai suat ctia ngan hang nhu sau:
Chia m6i ndm thanh m ki han va 1ai suat 7% /nam. Biét rang néu khong rut tién ra khoi ngan
hang thi ct sau mdi ki han, so tién lai sé duge nhap vao von ban dau. Chitng minh s6 tién nhan
. P r
duge (bao gom cé von lan 1ai) sau n (nam) gii la S, = A (1 +

m-n R .
) (dong), néu trong

100m
khoang thoi gian nay nguoi gt khong rit tién ra va lai suat khong thay doi.




Bai 4. Nhi thitc Newton

Tt khoa: Nhi thiic Newton; Tam giac Pascal.
Ta da c6 cong thiic

(a+b)"=Cla"+Cra" b+ +Cha" FbF ... 4 CPtab" ! + CIH"

trong truong hgp n =1, 2, 3, 4, 5.
Cong thiic nay c6 ding v6i moi s6 tu nhien n khong? Lam thé nao dé kiem tra?

Cong thic nhi thitc Newton

C6 ba hop, mdi hop dyng hai qua cau duge dan nhan a va b. Lay tit mdi hop mot qua cau.
C6 bao nhiéu cach lay dé trong ba qua cau lay ra

a) ¢6 3 qua cau dan nhan b?
b) ¢6 2 qué cau dan nhan b?
c) ¢6 1 qua cau dan nhan b?
d) khong c¢6 qua cau nao dan nhan b?

Bang lap luan tuong ty nhu —1, ta c6 thé sit dung t6 hop dé tim cac heé sb cia cong thitc khai
trién
(a+0b)* = a® + 3ab + 3ab® + b*.

That vay, ta c6 khai trién

(a+0)* = (a+b)(a+b)(a+Db)
= (aa + ab+ ba + bb)(a + b)
= aaa + aab + aba + abb + baa + bab + bba + bbb
= aaa + (aab + aba + baa) + (abb + bab + bba) + bbb
= a® + 3a’b + 3ab® + b’

Trong khai trién trén, dé nhan dugde sé hang b?, ta lay s6 hang b trong thita s6 (a + b) thit nhat
nhan véi s6 hang b trong thita s6 (a + b) thit hai, roi nhan véi s6 hang b trong thita s6 (a + b)
thit ba. Do d6, hé s ctia b® bang s6 cach chon ba chit b tit ba chit b c6 trong ba thita s6 (a + b),
titc bang C3 = 1.

Tiép theo, xét s6 hang 3ab® hay tong abb + bab + bba. Dé nhan duge mdi sé hang ciia tong nay,
ta lay tich ctia hai s6 hang b tit hai thita s6 (a + b), r6i nhan véi s6 hang a cia thiia s6 (a + b)
con lai. Do d6, hé s6 ctia ab® bing s6 cach chon hai chit b tit ba chit b ¢6 trong ba thita s6 (a +b),
titc bang C3 = 3.

Lap luan tuong ty, ta duge he sé ciia a®b bang C = 3, hé s6 cia a® bang C) = 1. Tu do, ta
nhan duge

(a+b)* = Cha® + Cia®b + Ciab® + C3b°.

Mot cach tong quét, véi s6 tu nhien bat ki n > 1, ta c6 thé mé rong lap luan & trén dé tim céc
hé s6 trong khai trién biéu thec:

(a+b)"=(a+b)(a+b) --(a+D).

~

~
n thira s6
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Khai trién biéu thitc nay, ta nhan dude cac sé hang dang oy,a™ *b* véi oy lahe s6, k =0,1,--- . n.
Hé s6 ay, bang s cach chon k chit b tit n chit b c6 trong n thita s6 (a + b).

Nghia 13, oy, = CF véi (0 < k < n).

Tt d6, ta nhan dude két qua

Dinh nghia. V6i méi s6 ty nhién n, ta c6
(a+b)"=C" +Cla™ b4+ Cha™FpF ... L Cr7lab™  CTO". (1)

Cong thitc (1) duge goi 1a cong thitc nhi thitc Newton, goi t&t 1a nhi thitc Newton.

e Trong cich viét vé phai ctia (1), s6 hang C*a"*b*(0 < k < n) duge goi 1a s6 hang
tong quat.

e V& phéi cia (1) gom n + 1 s6 hang. Di qua céc s6 hang tit trai sang phai, s6 mi clia
a gidm dan, s6 mil ctia b ting dan, nhung tong clia ching khong ddi va bang n (quy
ude (a® =00 =1).

(¢ Vi du 1: Hay khai trién (z + 2)°.

(¢' Rén luyén 1: Hay khai trién
a) (1+x)".

b) (z —y)°.

a Tam giac Pascal




a—+b)* =a* + 4a®b + 6a%b* + 4ab® + bv*

)
)
) =
a+b)? = a®+ 3ab + 3ab® + b
)
a+b)® = a® + 5a'b + 10a®b* + 10a?6® 4 5ab* + b°

cac he s6 duge viét thanh bang s6 nhu Hinh 2 sau day. Néu st dung ki hiéu t6 hgp thi nhan
duge bang nhu Hinh 3 . Tit cac ding thitc nhu

C=Ci=1 C}=Cl=4
C) + Cl=C, C2+C3 Cg,

c6 thé dir doan rang, véi mdi n € N¥,

Ck = =+ (0 <k <n);
Ck 1+C’c Ck., (1<k<n).
|
Hay chiing minh cac cong thitc trén. Gai §: Sit dung cong thitc Ck = ﬁ, neNO0<k<n.

Stt dung cong thite (3), véi luu ¥ ring C2 = C" = 1 v6i moi n € N, tit bang s6 ¢ Hinh 2 | ta c6
thé viét tiép lan lugt timg hang s6 dé tao thanh mot bang s6, duge goi 1a tam gidc Pascal (xem

Hinh 4).

n=>0 @

n=1 @ @
n=2 @ @ @
n=23 @ @ @ @

n =4 @® O Z (®)\ 40 @®
n=5 ® O, 5 @®

Trong thic hanh, tam giac Pascal gitp ta nhanh chéng xac dinh cac hé s6 khi khai trién nhi
thic Newton.
(¢ Vi du 1: St dung tam giac Pascal, hay khai trién (z —1)".
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(¢ Ren luyén 2: Sit dung tam giac Pascal, hay khai trién

a) (z—y)%

Van dung cong thic nhi thiic Newton

Cong thiic nhi thic Newton vé6i cac dang md rong clia né c¢6 nhiéu ting dung quan trong
trong toan hoc. Duéi day, ta xét thém vai vi du don gian.
(¢ Vi du 1: Xac dinh hé s6 ctia 2%y5 trong khai trién (2 — y)*°.

(¢ Vi du 2: Cho a la mot s thuc duong. Biét ring trong khai trién (3z + a)®, hé s6 ciia z* 13
70 . Hay tim gia tri ctia a.




Gv: Vi Ngoc Huy - THPT chuyén Lé Quy Doén - Ninh Thuj

(¢ Vi du 3: Chitng minh ring ddng thiic sau day ding v6i moi n € N* :

Co+Ch+Cl+---+Cp=2"

Nhan xét: Tt cong thitc khai trién
(x+a)"=Cl™ +Cla" ta+ -+ Cham kb ... 4 CPlga™ ! 4 Cla™,

v6i moi cach chon gid tri ciia x va a, ta nhan dude mot hé thic lién quan dén cac hé sd to hop
cocl... cn

(¢ Vi du 4: Cho tap hop A = {ay;as;--- ;a,} ¢6 n phan tit. Tap hop A ¢6 bao nhieu tap
con?

(¢ Rén luyén 4: Biét ring trong khai trien (z + a)® véi a 1a mot s6 thuc, he s6 ctia 2 1a 60.
Tim gia tri cua a.
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(¢" Rén luyén 6: Trong hop A c6 10 qua cau duge danh s tir 1 dén 10 . Nguoi ta lay mot s6
qua cau tit hop A 16i cho vao hop B. C6 tat ca bao nhiéu cach lay, tinh ca truong hgp lay khong
qua (ttc khong lay qua nao)?

Bai 1: Khai trién biéu thiic

a) (:U - 2y)67




Gv: Vi Ngoc Huy - THPT chuyén Lé Quy Doén - Ninh Thuj

Bai 3: Biét ring a 1d mot s6 thuce khac 0 va trong khai trién ctia (az + 1)%, he s6 ctia 2* gap
bén 1an hé s6 ctia 2. Tim gia tri cta a.

Bai 5: Chiing minh cong thitc nhi thitc Newton bang phuong phap quy nap toan hoc.

(a+b)"=C0" + Cla™ b+ + Cha™ bk + ... 4 Cltab™ ! + CTH™.
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Bai 6: Biét rang (3z — 1)" = ag + a17 + ax2? + azz® + agxt + a5’ + agx® + azz”. Hay tinh:
a) ap+ay +as+as+ay+ a5+ ag + ar.

b) CLO+CL2+CL4—|—(1,6.

Bai 8: Tu 15 buat chi mau ¢6 mau khac nhau doi mot.

a) C6 bao nhiéu cach chon ra mot s6 bt chi mau, tinh cd truong hgp khong chon cai nao?

b) C6 bao nhiéu cach chon ra it nhat 8 bt chi mau?




Bai 5. Nhi thitc Newton

Két néi tri thitc véi cudc soéng

Bai 1: Stt dung tam giac Pascal, viét khai trién:

a) (z+y)°. b) (1 — 2z)°.
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Bai 5: Tit khai trién biéu thiic (3z — 5)* thanh da thiic, hay tinh tong cac he s clia da thiic
nhan dugc.




Bai 10: Biét ring (2+2)'%° = ag+a1x+asx®+- - -+ a00x'%. V6i gid tri nao ctia k (0 < k < 100)
thi aj 16n nhat?

Bai 1: Khai trién céc bidu thiic sau:
a) (2z +y)S. b) (x — 3y)°. c) (z—1)"
d) (z +2)". e) (x +y)>. f) (z —y)*.

trong d6 n 1a s6 nguyén duong.

Bai 2: Tinh:

a) S= C802292022 + C%02292021 +oot C§02292022_k +oot 0383%9 + nggg-

b) 7 = Cippt% = oyt -3+ - — Ciffa- 3% + o™
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Bai 3: Ching minh:
CO3n+CL3n o OR3P F o O 134 O = Q0+ CL3 4+ - - CE3E 4. - O 1301 L O3
v6i 0 <k <n;k,neN.

Bai 4: Xac dinh hé s6 cta:
a) z'? trong khai trién ctia (v 4 4)*.
b) 21 trong khai trién ctia (3 + 22)%.

c¢) o' va 21 trong khai trién clia (? — =




a) (a+b)%. b) (a +0)°.

Bai 8: Chiing minh cong thitc nhi thitc Newton bang phuong phap quy nap:

(a+b)"=Cla"™ +Cla" o+ -+ Cllab" ! 4+ CI" v6i moin € N*,n > 2.
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Bai 9: Bing phuong phap quy nap, chitng minh:

a) n° — n chia hét cho 5 v6i moi n € N*. b) n” — n chia hét cho 7 v6i moi n € N*,

Bai 10: Cho tap hgp A = {zy;9;x3;...;2,} c6 n phan tit. Tinh s6 tap hgp con clia A.

Bai 11: Mot nhém gom 10 hoc sinh tham gia chién dich Miuia heé xanh. Nha truong muén chon
ra mot doi cong tac co6 it nhat hai hoc sinh trong nhiing hoc sinh trén. Héi c6 bao nhiéu cach
lap doi cong tac nhu thé?

Bai 12: Dé tham gia mot cudce thi lam banh, ban Tién lam 12 chiéc banh ¢6 mau khac nhau
va chon ra s6 nguyén duong chin chiéc banh dé cho vao mot hop trung bay. Hoi ban Tién ¢
bao nhiéu cach dé chon banh cho vao hop trung bay d6?




Gv: Vi Ngoc Huy - THPT chuyén Lé Quy Doén - Ninh Thuj

Bai 13: Bac Thanh muén mua qua cho con nhan dip sinh nhat nén da dén mot ctta hang do
chai. Bac du dinh chon mot trong nam loai dd choi. O cita hang, mdi loai dd choi d6 chi ¢6 10
san pham khac nhau bay béan.

Biét ring néu mua bo truc thing diéu khién tit xa, bac sé chi mua 1 san pham; néu mua
bo dd choi lego, bac sé mua 3 san pham khac nhau; néu mua bo 1ap ghép robot chay bing ning
lugng mat troi, bac sé mua 5 san pham khac nhau; néu mua rubik, bac sé mua 7 san pham khac
nhau; con néu mua mo hinh khiing long, bac sé mua 9 san pham khéac nhau. Bac Thanh c6 bao
nhiéu cach chon qua sinh nhat cho con?

Bai 14: Gia st tinh trang d mot loai cay dude quy dinh do tac dong cong gop ciia n cap alen
phan li doc lap Ajaq, Asas, ..., Aya,. Cho cay Iy di hgp vé n cap alen giao phdi véi nhau. Ti le
phan li kiéu hinh ctia F, 14 hé s6 ctia khai trién nhi thitc Newton (a + b)?", nghia la ti 1& phan
li kiéu hinh ctia Fp 1a CY,: CL - C2 . ... C3"7 2. C3r~1: C27. Cho biét mot loai cay c6 tinh
trang dugc quy dinh béi tac dong cong gop cua 4 cap alen phan li doc lap. Tim ti 1é phan li
kiéu hinh ctia F, néu cay F; di hop vé 4 cap alen giao phdi v6i nhau.

Bai 6. BAITAP CUOI CHUYEN DE 2 OTST

Bai 1: Ching minh ring cac ding thiic sau ding véi moi n € N*:

2 12
a) 13+23+33+-~+n3=n(n+>
b) 1:44+2-74+3-10+---4+nBn+1)=n(n+1)>
1 1 1 1 n

13735 57 T oD+ il

c)
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Bai 2: Chiing minh ring véi moi n € N*:
a) 3" — 1 — 2n chia hét cho 4;

b) 7" — 4™ — 3™ chia hét cho 12 .

. . 1 1 I n+1
Bai 4: Ching minh rang bat dang thic 1 + 3 + 3 4+ =< ding v6i moi n € N*.
n

Bai 5: Tim hé s6 ctia ° trong khai trién:




a) Tim ba s6 hang dau tién trong khai trién ctia (1 + 2x)°, cac s6 hang duge viét theo thit tu
sO6 mil clia x tang dan.

b) Sit dung két qua trén, hdy tinh gia tri gan dang cta 1,026,

Bai 8: Trong khai trién biéu thiic (3z — 4)'° thanh da thitc, hay tinh tong cac hé sb clia da
thie nhan duge.
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Bai 9: Chitng minh ring cac ding thiic sau ding véi moi n € N*:
a) 1+2CL +4C2 ... 42 1Cn~1 4 27 Q1 = 37,
b) €9, +C2,+Cs, +--+Cn=C}, +C3, +C5, +---+Con L.

Bai 7. BAITAP CUOI CHUYENDE 2 KNTT

Bai 10: Ching minh rang véi moi sé tu nhién n > 1, ta c6

2.2'43.2244.25+ . 4 (n+1)-2"=n-2""

13735 T an—nentn

a) Tinh Sl, SQ, 53.

b) Du doan cong thiic tinh tong S, va chiing minh né bing quy nap.




Bai 13: Ching minh rang véi moi sd tu nhién n > 2, ta c6

5" > 3" 44",

a) Khai trién (1 + x)'°.

b) So sanh (1,1)2 va 2 .

Bai 15: im hé s6 ctia 2° trong khai trién thanh da thic cta

(2z — 3)M.
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Bai 16: Khai trién da thitc (1 + 22)!? thanh dang
ag + a1x + ax® + -+ ajpx'?

Tim hé s a; 16n nhat.

Bai 17: Chitng minh rang
), +C3, +Cy +--+Cor=C3,+C3, +C}, +---+C 71
Ap dung: Tim s6 nguyen duong n thod méan

Cy, + 05, + -+ O3 = 2048

Bai 18: Tim gia tri 16n nhat trong cac gia tri

c.Cl...C

n

Ap dung: Tim heé s6 I6n nhét ciia khai trién (a + b)", biét réing téng cac hé sb ctia khai trién
biing 4096.







Chutong

. BA DUONG CONIC VA UNG
DUNG

Bail. ELIP

TOM TAT LY THUYET

Dinh nghia

Cho hai diém c6 dinh F}, Fy v mot do dai khong déi 2a 16n hon F} Fy. Elip (E) 1a tap hop
cac diém M trong mit phang sao cho Fy M + FoM = 2a.

e Cac diem F, va F, goi la cac tiéu diém y

cua elip.
b| B2

e Do dai F1F, = 2¢ goi 1a tiéu cu cia M(z;y)
elip (a > ¢).

e (E) cit Oz tai hai diem A;(—a;0), A / P
Ay(a;0) va cit Oy tai hai diém L N 2
B1(0; —b), Bs(0;b). —a\ B 0 IR

o Cac diém Ay, Ay, By, By goi la cac dinh
cua elip.

. —b| By

e Doan thiang A;As goi la truc 16n, doan

thing B; B, goi la truc nhé cta elip.
e Giao diém O ciia hai truc goi la tam dbi xiing ciia elip.

e Hinh chit nhat c6 cac canh di qua cac dinh cla elip va song song véi cac truc doi xting
dugc goi 1a hinh ch® nhat co sé cta elip.

o Néu M(x;y) € (E) thi |z| < a, |y| <.

Phuong trinh chinh tic cia elip

2 2

Ta c6 M(z;y) € (F) < % + ‘Z—Q =1 (1), trong d6 b = v/a? — ¢2. Phuong trinh (1) dugc
goi 1a phuong trinh chinh tic cta elip.
2 2
(¢ Vi du 1: Cho elip (E): % + ?2—2 =1 (0 < b < a) ¢6 bon dinh 1a A;(—a;0), As(a;0),

By (0; —b), B2(0;D).
a) X4c dinh toa do bon dinh ctia hinh chit nhat co s6 cta (F).
b) Cho mot diém M (x;y) bat ki tréen (£). Chiing minh ring

b<OM<a;, —a<z<a; —b<y<hb.

5



nMQi diém thuoc elip déu nim bén trong hinh chit nhat co s6. J

(¢ Rén luyén 1: Viét phuong trinh chinh tic ctia elip c6 kich thuéc ctia hinh chit nhat co s
la 8 va 6. Hay xac dinh toa do dinh, tiéu diém, ticu cu, do dai truc cta elip nay.

Ban kinh qua tiéu

Cho diém M trén elip (E). Cac doan thang M F; va M F, dudc goi 1a hai ban kinh qua tiéu

cia diém M. ) )
Do dai hai ban kinh qua tieu ctia diém M (x;y) trén elip (E): T + LA duge tinh theo cong

a? b2
thite: MF, = a+ Sa: MFy = a — Sz
a a

c c
n\ﬁ—anSanéna+—x>0vﬁa——x>0. J
a a

(¢ Rén luyén 2:

a) Tinh do dai hai ban kinh qua tiéu ctia diem M (z;y) trén elip (E): g— + = =1.
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2 2
b) Tim cac diém trén elip (E): — + ?;—2 =1 ¢6 do dai hai ban kinh qua tiéu béng nhau.
a

Tam sai

Ti s6 gitta tieu cuyr va do dai truc 16n ciia elip goi 1a tam sai clia elip va dude ki hiéu 1a e, titc
c
lae=—.
a
V6i moi elip, ta luon ¢6 0 < e < 1.

2 — 2
VETE _ T=¢, dodo
a

b

Nhan xét. Ta c6 — =
a

e Khi tam sai e cang bé (tiic 1a cang gan 0) thi b cang gan a va elip trong cang "béo".

. . b .
e Khi tam sai e cang 16n (ttc la cang gan 1) thi ti s6 — cang gan 0 va elip trong cang "det".
a

(¢ Vi du 3:

1‘2 y2 :L’2 yz
a) Tim tam sai cua elip (E): 35 + 6= 1 vaelip (E'): 5 + o 1

b) Khong can vé hinh, theo ban elip ndo "béo" hon?

(¢’ Rén luyén 3:

x2 y2 $2 y2
a) Tim tam sai cta elip (E): 100 + 09~ 1 va elip (E'): m + T= 1.

b) Khong can vé hinh, theo ban elip ndo c¢6 hinh dang "det" hon?




Pudng chuan

Dudng thang A : x + - 0 dugdc goi 14 duong chuan ting véi tieu diém F; va dudng thing
e

Ay — 20 duge goi 1a duong chuan tng vdéi tieu diem F, ctia elip (E).
e

, MF MF.
V6i moi diem M thuoc elip, ta luon c6 I 21) = T00T, 22) =e.

a a 2 o . N . .2 P 0 P
n\ﬁ —— < —a < a < — nén dudng chuan cua elip khong c6 diém chung véi elip do. J
e e

2,2
(" Vi du 4: Cho diém M (x;y) trén elip (E): ;—5 + % =1

a) Tim toa do hai tiéu diém va viét phuong trinh hai dudng chuan tuong tng.
b) Tinh ti s6 khodng céch tit M dén tieu diém va dén dudng chuan tuong tng.

c) Vé elip (E), hinh chit nhat co sd va hai duong chuan ctia (F) trén hé truc toa do Oxy.

(¢ Ren luyén 4: Tim toa do hai tieu diém va viét phuong trinh hai dudng chuan tuong tng
cua cac elip sau
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E) BAiTAP

2 P
Bai 1: Cho elip (E): 6 + 36 = L.

a) Tim tam sai, chiéu dai, chiéu rong hinh chit nhat co sé ctia (E) va vé (E).
b) Tim do dai hai ban kinh qua tiéu ctia diem M(0;6) trén (E).
c) Tim toa do hai tiéu diém va viét phuong trinh hai dudng chuan ciia (E).

nhat.

Bai 3: Lap phuong trinh chinh téc ctia elip ¢6 tiéu cit bang 12 va khodng cach gitta hai duong
. 169
chuan la -




Bai 4: Cho elip (E):

a) Tim tam sai va do dai hai ban kinh qua tiéu ctia diém M (3;0) trén (E).
b) Tim diém N trén (E) sao cho NFy, = NF,.

c) Tim diém S trén (E) sao cho SF; = 2SF,.

Bai 5: Trai Dat chuyén dong theo mot quy dao 1a dudng elip c6 tam sai 14 0,0167 va nhan tam
Mat Troi 1a mot tieu diém. Cho biét khoang cach gan nhat giita Trai Dat va tam Mat Troi 13
khoang 147 triéu km, tinh khoang cach xa nhat gitta Trai Dat va tam Mat Troi.

Bai 6: Ngay 04/10/1957, Lien X6 da phong thanh cong vé tinh nhan tao dau tién vao khong
gian, vé tinh mang tén Sputnik I. Vé tinh d6 ¢6 quy dao hinh elip (F) nhan tam Trai Dat 1a mot
tieu diém. Cho biét khoadng cach xa nhét gitta vé tinh va tam Trai Dat 13 7310 km va khodng
cach gan nhat giita vé tinh va tam Trai Dat 14 6586 km. Tim tam sai cia quy dao chuyén dong
cua vé tinh Sputnik I.
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Giai cac bai tap sach CTST

B} ruviNTAP1

Giai cac bai tap sach KNTT

AR
Bai 1: Choelip — + = = 1.
ai Cho elip 12+4

a) Xac dinh céc dinh va do dai cac truc cua elip.
b) Xac dinh tam sai va cdc dudng chuan ctia elip.
c) Tinh cac ban kinh qua tiéu ctia diém M thudc elip, biét diém M cé hoanh do bing —3.

Bai 2: Viét phuong trinh chinh tic cta elip trong mdi truong hop sau
a) Do dai truc 16n bing 8, tiéu cu bing 6;

. . 3
b) Do dai truc l6n bang 8 va tam sai bang %

2 2

Bai 3: Cho elip % + Lo




Gv: Vi Ngoc Huy - THPT chuyén Lé Quy Doén - Ninh Thuj

a) Qua tieu diém ctia elip vé dudng théng vuong géc véi truc Oz, cit elip tai hai diem A va
B. Tinh do dai doan thang AB.

b) Tim diém M trén elip sao cho M Fy = 2M F, v6i Fy va F; 1a hai tieu diém ctia elip (hoanh
do ctia Fy am).

Bai 4: Duong tron phu cta hinh elip 1a duong tron cé
duong kinh 1a truc nho cia elip (Hinh 3.8). Do d6, dusng
tron phu la duong tron 16n nhat c6 thé ndm beén trong
mot hinh elip. Tim phuong trinh duong tron phu cta

2
elip (E): — + Y —1va chitng minh ring, néu diém
a b?

. b
M (x0;y0) thudc elip thi diem N (—xo; yo) thudc duong
a

tron phu nay.

Bai 5: Véi tam sai khoang 0,244, quy dao elip ctia sao Diém Vuong "det" hon so v6i quy dao
ctia tAm hanh tinh trong he Mt Troi (xem Em c6 biét? ¢ cudi bai). Nita do dai truc 16n cta
elip quy dao 1a khodng 590635 - 10° km. Tim khodng cach gan nhat va khodng cach xa nhéat
gitta tam sao Diém Vuong va tam Mat Trai (tieu diém ctia quy dao).
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Bai 6: Mot phong thi tham c6 tran vom elip v6i hai tieu diém ¢ do cao 1,6 m (so v4i mit san)
va cach nhau 16 m. Dinh ctia mai vom cao 7,6 m (Hinh 3.9). H6i am thanh thi tham tit mot
tiéu diém thi sau bao nhiéu giay dén duge tieu diém kia? Biét van toc am thanh 1a 343,2 m/s
va lam tron dap s6 t6i 4 chit s6 sau dau phay.

LUYEN TAP 2

Giai cac bai tap sach CD
Bai 1: Viét phuong trinh chinh tic ctia elip (F) trong mdi truong hgp sau

a) Do dai truc 16n bing 6 va tieu diém 1a F;(—2;0);

b) Tiéu cy bang 12 va tam sai bang 2;

. ) .
c) Tam sai bang % va chu vi hinh ch@ nhat co s6 cia (F) bang 20.

Bai 2: Tim tam sai cia elip (£) trong mdi truong hgp sau
a) Do dai ban truc 16n gap hai lan do dai ban truc bé;

b) Khoang cach tit mot dinh trén truc 16n dén mot dinh trén truc bé bang tieu ciy.




Gv: Vi Ngoc Huy - THPT chuyén Lé Quy Doén - Ninh Thuj

Bai 3: Trai Dat chuyén dong quanh Mt Troi theo mot qui dao 1a dudng elip ma Mat Troi 1a
mot tieu diém. Biét elip nay c6 ban truc 16n a ~ 149.598.261 km va tam sai e ~ 0,017. Tim
khoang cach nhé nhét va 16n nhat gitta tam Trai Dat va tam Mat Troi (két qua duge lam tron
dén hang don vi).

.. . P
Bai 4: Cho elip (E): % + 5
biét F 1a mot tieu diem clia (

= 1. Tim toa do diém M € (E) sao cho do dai FyM 16n nhét,
E) ¢6 hoanh do duong.

Bai 5: Hinh 11 minh hoa mat cat ding clia mot cin phong trong bdo tang véi mai vom tran
nha ctia can phong d6 c6 dang mot nita duong elip. Chiéu rong clia can phong 1a 16 m, chiéu
cao clia tuong 1a 4 m, chiéu cao clia mai vom 1a 3 m.




4 m

16 m

a) Viét phuong trinh chinh téc ciia elip biéu dién mai vom tran nha trong hé truc toa do
Oxy (don vi trén hai truc 1la mét).

b) Mot ngudn sang dude dat tai tieu diem thit nhat clia elip. Can dat biic tugng & vi tri c6
toa do nao dé biic tuong sang 6 nhat? Gia thiét rang vom tran phan xa anh sang. Biét
rang, mot tia sang xuat phat tit mot tieu diém ctia elip, sau khi phan xa tai elip thi sé di
qua tieu diém con lai.

‘Bai 2. Hypebol

T khoa Hypebol; Truc déi xiing; Tam déi xtng; Ban kinh qua tieu; Tam sai; Dudng chuan.
Nho viec thu tin hiéu tit hai tram phét song Fy va Fy trén bd, hée théng dinh vi dat tai diém
M trén con tau tinh dude hieu s6 khoang cach tit M dén Fy, F va xac dinh duge mot dudng
hypebol di qua M.

o

Bobién

e
"
|t

600 km

Tram phat song




Tinh déi xiing ctia dudng hypebol

On tap vé hypebol
2 2

Ta da biét hypebol (H) v6i phuong trinh chinh téc $—2 — ‘Z—z =1(a>0,b>0) co cac yéu to
a
co ban sau
)
x
e Cdt truc Oz tai hai dinh A;(—a;0), As(a;0) nhung khong cat truc Oy.

Truc thuc 1a A; As c6 do dai 2a.

TI'LlC 4o 1a BlBQ co d6 dai 2b véi Bl (O, —b), BQ(O, b)

Hai tieu diem 1a Fy(—c;0), Fo(c; 0) v6i ¢ = Va2 + b2.

Tieu cu 2c¢ 1a khoang céach gitta hai tieu diém.

Chu y Hypebol gom hai phan riéng biét nam hai bén truc 4o, mdi phan goi 14 mot nhanh
ctia hypebol. Nhanh di qua dinh A;(—a;0) gom nhing diém M (x;y) véi < —a vA thod man
MF, — MF, = 2a. Nhanh di qua dinh Ay(a;0) gom nhitng diém M (z;y) v6i x > a va thod man
MF, — MF, = 2a.
2 2

> Bai toan. Cho hypebol (H) véi phuong trinh chinh téc a:_2 — 32—2 =1 va diém M (zo;vo)

a
nam trén (H). Cac diém M, (—xo; o) , Mo (z0; —y0) , M3 (—x0; —yo) 6 thudc (H) khong?
@ Lai giai.
Thé toa do cac diem M, M,, M vao hypebol ta thiy rang céc diém nay thuoc hypebol ..




Dinh nghia. Hypebol (H) : a:_2 - Z—Q = 1 nhan hai truc toa do lam truc déi xing va nhan goc
a

toa do lam tam doi xiing. Hinh chit nhat c¢6 hai canh 1an lugt di qua hai dinh A;, Ay vA song
song véi truc Oy, hai canh con lai di qua By, By va song song véi truc Ox duge goi 1a hinh chit
nhat co s6 ciia hypebol (H).

Nhan xét Khi cang tién xa goc toa do, hai nhanh ctia hypebol (H) cang tién gan dén hai
duong thang chita hai dudng chéo ciia hinh chit nhat co s¢ (nhung khong c6 diém chung). Hai

) b
duong thang nay c6 phuong trinh y = —z,y = ——x va dudc goi la hai duong tiém can cla
a a
hypebol (H).
(¢ Vi du 1: Cho hypebol (H) c¢6 hai dinh 1a A;(—a;0), As(a;0) va truc o la BBy véi
B1(0; =b), Bz(0;0).

a) Xéc dinh toa do bon dinh ctia hinh chit nhat co s6 cta (H).

b) Cho mot diem M bat ki trén (H). Chiing minh ring a < OM.

Cha y Moi diém thudc hypebol (ngoai trit hai dinh) déu ndm ngoai hinh chit nhat co sé.
(&' Vi du 2: Viét phuong trinh chinh tac ctia hypebol c6 kich thuéc cia hinh chit nhat co sé 1a
8 va 6. Xac dinh dinh, tieu diém, tieu cu, do dai truc ciia hypebol nay.




(¢ Vi du 3: Khi bay véi van toc sicu thanh (tdc do chuyén dong 16n hon téc do am thanh
trong cling moi truong), mot may bay tao ra mot ving nhiéu dong trén mat dat doc theo mot
nhanh ctia hypebol (H). Phan nghe 1o nhat tiéng on clia viing néi trén duge goi 1a tham nhiéu
dong. Bé rong clia tham nay gap khodng 5 lan cao do clia may bay. Tinh cao do clia may bay,
biét bé rong ctia tham nhiéu dong duge do cich phia sau méay bay mot khoang 1a 40 mile (mile
(dam) la don vi do khoang céch, 1 mile ~ 1,6km) va (H) c¢6 phuong trinh:

2 2
Ea
400 100

& ¢
AR Y
Ny
Bé rong cia %
tham nhiéu déng BN
|

1 %
-40 20 x

04
L4
’4'
’
2
E) Ban kinh qua tieu
. . 2 g
7 Bai toan. Cho diem M (z;y) nam trén hypebol (H) : — — i 1.
a

a) Chiing minh rang Fy M? — F,M? = 4cx.




b) Gia st diém M (x;y) thuoc nhanh di qua A;(—a;0). St dung két qua da chiing minh duge &
cau a) két hop véi tinh chat M Fy, — M Fy = 2a da biét dé ching minh M Fy + MF, = —2—.
c

T do, chiing minh cac cong thic M F} = —a — E:z:; MF, =a— —x

a a
c¢) Gia st diem M (z;y) thuoc nhanh di qua As(a;0). St dung két qua da chiing minh duge &
cau a) két hop véi tinh chat MF; — M Fy, = 2a da biét dé ching minh MF, + MF, = 2%.

a

c c
T d6, chiitng minh cac cong thiic MFy =a+ —x; MF, = —a+ —x
a a

) )
M By Bo
T x
F A 0 A\ B F A O A\ F»
/ B, By
Hinh a) Hinh b)

Dinh nghia. Cho diém M thudc hypebol (H). Céac doan thing M F; va M F, dugc goi la hai

ban kinh qua tiéu ctia diém M.
2 2
Do dai hai ban kinh qua tiéu ctia diém M (z;y) trén hypebol (H): cc_2 - ‘Z—Q = 1 dugc tinh theo
a

cong thic M F| = ‘a+ Ex); MF, = ’a— Ex"
a a




2 2
> Bai toan. Cho hypebol (H) : x_z — 2—2 = 1. Chiing t6 rang Co
a a
Dinh nghia. Ti s6 gitta tiéu cyt va do dai truc thuyc 1 tam sai clia hypebol va dude ki hieu 13

c
e, nghia la e = —. V6i moi hypebol, ta luén c6 e > 1.
a
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(¢ Vi du 3: Cho hypebol (H) c6 tam sai bing v/2. Chiing minh truc thice va truc do ciia (H)
c6 do dai bang nhau.

(¢ Vi du 4: Mot vat thé c6 qui dao 1a mot nhanh ciia hypebol (H), nhan tam
Mat Troi lam tieu diém. Cho biét tam sai ctia (H) bang 1,2 va khoang cach gan
nhat gitta vat thé va tam Mat Troi 1a 2.10%km.

a) Lap phuong trinh chinh téc cta (H).

b) Lap cong thitc tinh ban kinh qua tiéu ctia vi trf M (z;y) clia vat thé trong mit
phéng toa do.

> Bai toan. Cho diém M (x;y) trén hypebol (H) : T _ Y _1vahai duong thing

A1:x+g=0;A2:x—g:O.
e e

Goi d (M;Ay), d(M;As) lan lugt 1a khodng cach tit M dén cac duong thang A, As.




MF,  Ja+ex| |a+ex|

'dMﬁAﬂ_wx+ﬂ‘_|w+m]_& v
(&

S

e
MF:
Dl_ra theo cach tinh trén, tinh m
Dinh nghia. Cho hypebol (H) c¢6 phuong trinh —
e

a2 2 .
chinh tac — — 2 = 1 va c6 hai tieu diem P 0 F,
Fi(=¢;0), F3(c; 0).

Duong thing A : x4+ 29 dugc goi 1a dudng chuan
e

(RS}
(RS}

ting v6i tieu diem F} va dudng thing Ay : o — 2o
. . e Ay Ay
duge goi la duong chuan tng véi tieu diem F, cua
hypebol (H).
MF, M Fy

Véi moi diém M thuoc hypebol, ta luon co TN = T ) =e.

Cha y: Vi —a < ¢ < a < a nén duong chuan ciia hypebol khong c¢6 diém chung véi hypebol
e e
do.
2 2

(¢ Vi du 1: Cho diém M (x;y) trén hypebol (H) : f_G — % =1

a) Tim toa do hai tiéu diém va viét phuong trinh hai dusng chuan tuong ting.
b) Tinh ti s6 khoang cach tit M dén tieu diém va dén dudng chuan tuong tng.

(¢' Vi du 2: Tim toa do hai tieu diém va viét phuong trinh hai duong chuan tuong tng ciia
cac hypebol sau

aﬂmyx—%:y
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(¢" Vi du 3: Lap phuong trinh chinh tic cia hypebol c¢6 tiéu cy bang 26 va khoang cach gitta

2 N 2
hai duong chuan bang 11;
) BAITAP
22 P
Bai 1: Cho hypebol (H) : %= 1

2 25
a) Tim tam sai va do dai hai ban kinh qua tiéu ctia diem M (13; E) trén (H).

b) Tim toa do hai tidu diém va viét phuong trinh hai dudng chuan tuong tng.
¢) Tim diém N(x;y) € (H) sao cho NFy, = 2N F, v6i Fy, F, 1a hai tieu diém cia (H).

Bai 2: Lap phuong trinh chinh tic ctia hypebol c6 tiéu ci bang 20 va khoang céch gitta hai

dudng chuan bing =




Bai 3: Cho duong tron (C) tam Fy, ban kinh 7 va mot diém F, thod man F}Fy = 4r.

a) Chiing t6 rang tam ctlia cac dudng tron di qua F va tiép xtc v6i (C') ndm trén mot duong
hypebol (H).

b) Viét phuong trinh chinh tic va tim tam sai ctia (H).

Bai 4: Trong hoat dong mé dau bai hoc, cho biét khoang cach gitta hai tram vo tuyén 13 600km,
van toc séng vo tuyén 1a 300000km /s va thoi gian con tau nhan duge tin hieu tit hai tram trén
bd bién luoén cich nhau 0,0012s (hai tram vo tuyén phat cic tin hi¢u cing mot thoi diem). Viét
phuong trinh chinh tic ctia quy dao hypebol (H) ciia con tau.

Con tau i 4
F .
‘:_‘ Babién 5{
600 km

Tram phat song

Ban c6 biét?

Hé théng dinh vi LORAN




2 7k

X _ _y _1
14400 8100

Ngudi ta da tng dung tinh chat ctia cac dudsng hypebol dé dinh vi tau thuyén ven bién thong
qua hé thong LORAN.

Céach van hanh cia mot LORAN nhu
sau:

Khi hai tram phat F; va F5 phat tin
hiéu cling mot thsi diem dén con tau,
thi hiéu sb gitta hai thoi diém con tau
nhan duge tin hiéu tu hai tram nhan
v6i toe do clia séng vo tuyén sé cho
hiéu s6 khodng cach tit vi tri clia tau
dén F, va F,. Do d6, con tau dang &
dau dé trén mot hypebol c¢6 tieu diém
l1a F va F,. Bang cach dua vao tram
phét séng thit ba, F3, chiing ta c6 thé
hinh thanh mot nhanh hypebol
khéc v6i cac tieu diém 1a Fy va Fy.
Khi d6 vi tri ctia con tau la giao diém
ctia hai nhanh hypebol néu trén.

Nguyeén tac dya trén cac hypebol giao nhau nay duge st dung trong hé thong dinh vi tam
xa, dugde goi 1a LORAN (LOng RAnge Navigation). Céac tram radar déng vai tro 1a tieu diém
clia cac hypebol, va tat nhien, may tinh dugc st dung cho nhiéu thao tac can thiét dé xac dinh
vi trf ctia con tau. (Nguon: https://en.wikipedia.org/wiki/LORAN)

Bai 3. Parabol

Tinh déi xiing ctia dudng parabol
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Ta da biét parabol (P) véi phuong trinh chinh tac y* = 2pzx c6 tieu
diém F (g, 0) va c6 duong chuan A: x = —g. Parabol (P) nhan
Oz lam truc doi xtng.

Giao diém ctia parabol (P) va truc dbi xitng clia n6 goi la dinh ciia
parabol.

e VGi moi diem M (x;y) thuoe parabol (P) : y? = 2px (v6ip > 0 ) ta déu c6 z > 0, suy
ra (P) thuoc nita mat phang toa do ¢6 = > 0.

e Vi —g < 0 nén duong chuan ciia parabol khong c6 diém chung véi parabol dé.

Khoang cach tit tieu diém dén dudng chuan goi 1a tham sb tiéu ctia parabol.

Khac véi elip va hypebol, dudng parabol chi c6 mot truc ddi xitng, mot dinh va khong c6
tam doi xing.

(¢ Vi du 1: Tim toa do tiéu diém, toa do dinh, phuong trinh dudng chuén va truc déi xing
clia parabol (P) : y* = 4x.

Ban kinh qua tiéu va tam sai ciia parabol

Cho diém M trén parabol (P) c6 tieu diem F va duong chuan A.

)
Ta goi doan FM la ban kinh qua tiéu cta diem M va goi ti s6 //
FM 1, tam sai ci bol (P TE )
e—m & tam sai ctiia parabol (P). p
Moi parabol déu c6 tam sai e = 1 va parabol chinh tic (P): y? = 2px 2 - p <
¢6 do dai ban kinh qua tiéu ctia diém M (z;y) 1a FM =z + g & (550)

A
(¢ Vi du 2: Tinh ban kinh qua tiéu ctia diém M (1;2) trén parabol (P): y? = 4x.
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E) BArTAP

Bai 1: Tim toa do tiéu diém va phuong trinh duong chuan ctia cac parabol sau.

a) (P)): y*=Tx; b) () : y* = —ux; c) (P3) : y* = V/2x.

Bai 2: Tinh ban kinh qua tiéu ctia diém da cho trén céac parabol sau.
a) Diém M;(3;—6) tren (P) : y? = 121;

. 1
b) Diem My(6;1) tren (P,) : y* = 50

c) Diém Mg(\/g; \/§) tren (P3) : y? = V3.

2 2 1 2 1 Z
Bai 3: Trong mit phang Ozy, cho diem A (Z_l’ O) va duong thang d: x + 1= 0. Viet phuong

trinh ctia dudng (P) 1a tap hop tam M (x;y) cla cac dudng tron (C) di dong nhung luon ludn
di qua A va tiép xtc véi d.




Bai 4: Cho parabol (P). Trén (P) lay hai diém M, N sao cho doan thing M N di qua tiéu
diém F ctia (P). Chitng minh riing khodng cach tit trung diém I ctia doan thang M N dén

. . 1 .
duong chuan A cta (P) bang §M N va duong tron duong kinh M N tiép xuc v6i A.

Bai 5: Hay so sanh ban kinh qua tiéu ctia diém M trén parabol (P) véi ban kinh ctia dudng
tron tam M, tiép xtic v6i dudng chuan ctia (P).

Bai 6: Mot sao chdi A chuyén dong theo qui dao c6 dang mot parabol (P) nhan tam Mzt Trai
la tieu diém. Cho biét khoang cach ngin nhat giita sao choi A va tam Mt Troi 1a khodng 112
km.

a) Viét phuong trinh chinh tac ctia parabol (P).

b) Tinh khoadng cach giita sao choi A va tam Mat Troi khi sao choi nim trén dudng théng di
qua tieu diém v vuong goc véi truc déi xting ciia (P).
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Bai 7: Mit cat clia guong phan chiéu ctia mot dén pha c6 dang mot parabol (P) c6 phuong
trinh chinh tic y? = 6x. Tinh khodng cach tit diém M (1;+/6) trén guong dén tieu diém cta (P).
(v6i don vi trén hé truc toa do 1a xentimét).

LUYEN TAP 1

Bai 1: Cho parabol c6 phuong trinh y? = 12z. Tim tiéu diém va dudng chuan ctia parabol.
Tinh ban kinh qua tiéu ctia diém M thudc parabol va cé hoanh do bang 5.

Bai 2: Trong mit phing toa do Ozy, parabol (P) c6 phuong trinh chinh tic va di qua diém
M (3;3+/2). Tim ban kinh qua tiéu va khoang céch tir tiéu diém t6i duong chuan ciia (P).
Bai 3:

Xét den c6 bat day parabol véi kich thude duge thé hien nhu hinh vé.
Day téc bong den duge dat 6 vi trf tieu diem. Hay tinh khoang cach
tir day toc t6i dinh bat day.




Bai 4:

Anten vé tinh parabol c¢6 dau thu dit tai tieu diém,
duong kinh miéng anten la 240 cm, khoang cach tu

s Ix A Lt e N >
vi tri dat dau thu t6i miéng anten la 130 cm nhu %@e
hinh vé. Tinh khodng cach tit vi tri dit dau thu tdéi
dinh anten.

1 \ \

B) 1uvENTAP 2

Bai 1: Viét phuong trinh chinh tic ctia parabol trong mdi trudng hop sau:
a) Tieu diém la Fy(5;0);

b) Phuong trinh dusng chuan la z = —4;

)

c) Parabol di qua diém A(4;9).
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Bai 2: Trong mat phéng toa do Oxy, cho parabol ¢6 phuong trinh chinh tic 3> = 8x.
a) Xéac dinh toa do tiéu diém va phuong trinh dudng chuan clia parabol.

b) Vé parabol.

Biti 4. TINH CHAT CHUNG
CUABADUONG CONIC

TOM TAT LY THUYET

Hypebol

Tai sao ngudi ta goi elip, hypebol, parabol 1& ba ducng conic?
Giao ctia mit phing v6i mit nén tron xoay

G#n mot doan 6ng nhua vao dau bong ctia mot den chiéu nhé dé tao ra mot chiim anh sang
hinh mat nén tron xoay (Hinh la, b). Chiéu den lén mot biic tuong véi cac goc nghieng khéac
nhau dé anh sang tit dén hat len biic tuong tao thanh cic béng khac nhau (Hinh 1c, d, e). Nhan
xét hinh anh ban nhin thay trén bic tuong.

Hinh 1

Ngudi ta chitng minh duge c6 thé tao ra cac duong tron, elip, hypebol, parabol bing cach
cho mit phéng cit mat noén tron xoay.
Dinh nghia. Giao ctia mot mit phang véi mot mat nén tron xoay (mit phang khong di qua
dinh clia mat nén) c6 the 1 dudng tron, dusng elip, dusng hypebol hay dudng parabol.




c) d) e)

(¢ Vi du 1: Trong Hinh 2a, giao ctia mat phang va mat nén la mot dudng parabol.

a) b) c)

Hinh 2

(¢ Ren luyén 1: Giao ctia miit phang vi miit nén trong Hinh 2b, ¢ ¢6 dang dudng gi?

(¢" Rén luyén 2: Khi may bay bay song song v6i mat dat véi van téc 16n hon van toc clia am
thanh sé tao ra cac 16p khong khi dao dong c¢6 hinh mat nén (nén Mach) (Hinh 3) va tao ra
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tiéng nd manh, goi la tiéng nd sieu thanh. Nhitng ngusi tren mat dat néu nghe thay tiéng no nay
cling mot thoi diém thi vi tri ctia ho cling thudc mot dusng hypebol. Hay giai thich diéu nay.

3 '.""/ h"\‘
Nén Macl s
Non Mach " |
\/"//{ |'I Ill' | ll'
- L |
AN [ )| | |
__"_‘_ﬁl“ :l | ‘ | ‘
= ““k’i‘_\' | l |I | |
Hypebol ——— / .'II J.'
Mat dét '
Hinh 3
X4c dinh dudng conic theo tam sai, tiéu diém va dudng chuan
(¢ Rén luyén 3:
Cho dudng conic c6 tieu diem F, dudng chuan A va mot diem M 1a (H)
diem nam trén duong conic d6. Tim moi lién hé gita ti 86 ———— (P)
d(M; A)
va tén goi ciia duong conic.
K )

Dinh nghia (Dinh nghia chung ctia cac dudng conic). Cho diém F ¢ dinh va dudng

2 Z 2 Z MF NS N
thang A ¢6 dinh khong di qua F'. Tap hgp cac diem M sao cho ti s0 m bang mot hang




Gv: Vi Ngoc Huy - THPT chuyén Lé Quy Doén - Ninh Thuj

s6 duong e cho trude dude goi 1a dudng conic. Diém F goi la tieu diém, A goi la duong chuan
va e goi la tam sai ctia dudng conic.

Tit dinh nghia trén, két hop véi tinh chat cia elip, parabol va hypebol, ta co:
Dinh nghia.

e FElip la duong conic ¢6 tam sai e < 1;
e Parabol la dudng conic c6 tam sai e = 1;
e Hypebol la duong conic c¢6 tam sai e > 1.

(¢ Vi du 2: Xac dinh tam sai, toa do mot tieu diém va phuong trinh dudng chuan tuong tng
ctia mdi duong conic sau:

=y z Y
a) y? = l4x; b)E—i—g:l; C)Z_E:L

(¢ Vi du 3: Cho duong thing A : x4y — 1= 0. Goi tén va lap phuong trinh ciia cac duong

. MO .
(L) 1a tap hop cac diem M (z;y) thod man m = e trong moi truong hgp sau:

(¢ Ren luyén 4: Xéc dinh tam sai, toa do mot tieu diém va phuong trinh dudng chuan tuong
ting ctia moi dudng conic sau:
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(¢ Ren luyén 5: Quy dao ctia cac vat thé sau day la nhitng duong conic. Nhitng dudng nay la
elip, parabol hay hypebol?

Tén Tam sai
Trai Dat 0,0167
Sao choi Halley 0,9671
Sao choi Great Southern of 1887 1,0
Vat thé Oumuamua 1,2

Hinh 5. Vat thé Oumuamua
Nguon: http://vi.wikipedia.org/wiki/oumuamua

Bai 1: Xac dinh tam sai, toa do mot tieu diém va phuong trinh duong chuan tuong ting cta
moi dudng conic sau:




A:x+1=0.

Bai 3: Viét phuong trinh ctia conic (C') trong mdi truong hgp sau:
a) (O) c6 tieu diém F(8;0), dudng chuan A : 2 — 2 = 0 va tam sai e = 2;

. . 25 4
b) (C) c6 tieu diem F(—4;0), dudng chuan A : = + 7= 0 va tam sai e = 5

Bai 4: Quy dao ctia cac vat thé sau day la nhing dudng conic. Nhitng dudng nay la elip,
parabol hay hypebol?

Tén Tam sai
Sao Hoa 0,0934
Mat Trang 0,0549
Sao Thuy 0,2056
Sao choi Tkeya-Seki | 0,9999
C/2019 Q4 3,5
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Bai 5: Cho hinh chi nhat ABC'D véi bon dinh A(—4;3), B(4;3), C(4; —3), D(—4; —3).
a) Viét phuong trinh chinh tic ctia elip nhan ABC'D 1a hinh chit nhat co s. Vé elip do.

b) Viét phuong trinh chinh tic ctia hypebol nhan ABC D la hinh chit nhat co sd. Vé hypebol
do.

Bai 6: Cac duong conic c6 phuong trinh nhu sau la duong elip hay hypebol? Tim do dai cac
truc, toa do tieu diém, tieu cu, tam sai ctia cac duong conic dé.

2 2 2 2
N oY
100 64 36 64

Bai 7: Cho parabol c6 phuong trinh chinh tic y? = 2. Tim tiéu diém, phuong trinh dudng
chuan ciia parabol va vé parabol do.

Bai 8: Trong mat phang toa do Ozy, cho dudng thang A: z = —5 va diem F(—4;0).
Cho ba diém A(—3;1), B(2;8),C(0;3).

AF BF CF
d(A,A) d(B,A) d(C, A)

a) Tinh céc ti s6 sau:
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b) Hoi mdi diém A, B, C lan lugt nim trén loai dudng conic nao nhan F la tieu diém va A
la duong chuan tng véi tieu diem do6?

Bai 9: Ve tinh nhan tao dau tien duge Lien Xo (cil) phong tir Trai Dat nam 1957. Quy dao
cia vé tinh do 1a mot dudng elip nhan tam Trai Dat 1a mot tieu diém. Ngudi ta do duge vé tinh
cach bé mat Trai DAt gan nhat 1a 583 ddm va xa nhat 1a 1342 dam (1 dam xap xi 1,609 km).
Tim tam sai ciia qui dao do, biét ban kinh ctia Trai Dat xap xi 4000 dam.

Bai 10: Sao Diém Vuong chuyén dong xung quanh Mit Trai theo qui dao 1a mot duong elip c6
mot trong hai tieu diém la tam ctia Mat Troi. Biét elip nay c6 ban truc 16n a ~ 5,906 - 106 km
va tam sai e &~ 0,249. (Nguon: hrefhttps://vi.wikipedia.orghttps://vi.wikipedia.org)

Tim khoéng cach nhé nhét (gan dung) gitta Sao Diem Vuong va Mit Troi.

Bai 11:

Cho dudng thing A va diém O sao cho khoang céach tit O dén A 1a
OH = 1. Véi mdi diém M di dong trong mat phang, goi K 1 hinh
chiéu vuong goc ctia M len A. Chiing minh tap hop céac diém M
trong mat phang sao cho M K? — MO? = 1 la mot duong parabol.
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2 P Y
— Z_ = by — — L =1 2 _
)% T 16 )9 T €)y =8z
2 P 22 2
Bai 13: Cho haielip (F]): —+Z==1va (b)) : — + ==1
ai o hai elip (E}) 25+16 va (Es) 100+64

a) Tim moi quan hé gitta hai tam sai clia cac elip do.

b) Chitng minh ring v6i mdi diém M thudc elip (F,) thi trung diém N ctia doan thing OM
thuoc elip (E}).

Bai 14: Viét phuong trinh clia dudng conic c6 tam sai bang 1, tieu diém F(2;0) va dudng
chuan la A: 2z +2 = 0.




Bai 15: Quy dao chuyén dong ciia sao chdi Halley 1a mot elip, nhan tam Mt Troi 1a mot tieu
diém, c6 tam sai bing 0, 967.

a) Giai thich vi sao ta c6 thé coi bat ki hinh vé elip nao véi tam sai bang 0,967 14 hinh 4nh
thu nho ctia qui dao sao choi Halley.

b) Biét khoang cach gan nhat tit sao choi Halley dén tam Mit Troi 1a khoédng 88 - 10° km,
tinh khodng cach xa nhét (Theo:

Bai 1: Tim toa do cac dinh, tiéu diém va ban kinh qua tiéu tng v6i diém M (z;y) clia cac
conic sau:

2 2 2 2
y a2y )

A 150 T b ) 35~ 1 b ©)y v
....................... x2y2
Bai 2: Cho Elip (B): — + L —
ai o Elip (E) TR

a) Xac dinh toa do cac dinh, tieu diém va tim tam sai ctia (E).

b) Viét phuong trinh chinh téc ctia parabol (P) c6 tieu diém la tiéu diém c6 hoanh do duong
cia (E).

c) Viét phuong trinh chinh tic ctia hypebol (H) c6 hai dinh 14 hai tiéu diém ctia (E), hai
tieu diém 1a hai dinh ctia (F). Tim tam sai ctia (H).
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$2 y2 :L,Q y2
I R b) - — L =1. 2="Tx.
AT )13 3 )y =Tr

Bai 4: Cho duong thang d: 2 +y — 1 = 0 va diém F(1;1). Viét phuong trinh dudng conic nhan
F lam tieéu diém, d la duong chuan va c6 tam sai e trong méi truong hgp sau:

a)e= —; b) e = 1; c)e=2.

Bai 5:

Mat Trang chuyén dong theo mot qui dao la dudng elip cé tam sai
bang 0,0549 va nhan tam Trai Dat 1a mot tieu diém. Biét khodng
cach gan nhat gitta tam Trai Dat va tam Mat Trang 1a 362 600km.
Tinh khodng cach xa nhét gitta tam Trai Dat va tam Mat Trang.
Nguon: hitps://www.universetoday.com




Bai 6: Ta da biét tinh chat quang hoc clia ba dudng conic (xem phan doc them Ban c6 biét? &
trang 72, sach gido khoa Toan 10, tap hai). Hypebol ciing ¢6 tinh chat quang hoc tuong tu nhu
elip: Tia sdng huéng t6i tieu diém F; ctia hypebol (H) khi gdp mot nhanh ctia (H) sé cho tia
phéan xa di qua F5.

Mot nha nghién ctu thiét ké mot kinh thién van vo tuyén chita hai guong c6 méit cat hinh
parabol (P) va hinh mot nhanh ctia hypebol (H). Parabol (P) c6 tieu diém F; va dinh S.
Hypebol (H) c¢6 dinh A, ¢6 chung mot tieu diém 1a Fy véi (P) va con ¢ tieu diém tht hai Fy
(Hinh 3).

Nguyén tac hoat dong ctia kinh thién van d6 nhu sau: Tin hieu dén ti vii tru dude xem nhut song
song véi truc clia parabol (P), khi dén diém M ctia (P) sé cho tia phan xa theo huéng M F},
tia nay gap (H) tai diém N va cho tia phan xa téi Fy 1a noi thu tin higu. Cho biét SF; = 14m,
SF, = 2m va AF; = 1m. Hay viét phuong trinh chinh tic cta (P) va (H).

(Nguon: https:/ /sciencestruck.com /parabolic-mirror-working-principle-applications)
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Mat cit ciia mot chdo ang-ten 13 mot phan ctia parabol (P). Cho
biét dau thu tin higu dit tai tieu diém F cach dinh O cia chéo mot

1
khoang la ém

a) Viét phuong trinh chinh tac cta (P).

b) Tinh khodng cach tit mot diem M (0,06;0,2) trén ang-ten dén
----- E‘....-.---.-....-.-.-.-.'..-.-.---....-.-.---.'..-.-.---.-..-.-.-.-.-....-.-.-.-....-.

Bai 8:

Guong phéan chiéu ctia mot den chiéu ¢6 mit cat hinh parabol (Hinh
5). Chiéu rong gitta hai mép vanh ctia guong 1a M N = 32cm va chiéu
sau ctua guong la OH = 24cm.

Y

a) Viét phuong trinh chinh tic ctia parabol dé.

b) Biét béng den dit tai tieu diem F ciia guong. Tinh khodng cach
tit bong den t6i dinh O cia guong.

Bai 1: Cho conic (S) ¢6 tam sai e = 2, mot tieu diem F(—2;5) va dudng chuan tuong ting véi
tieu diem do 1a A: 2 +y — 1 = 0. Chitng minh ring, diém M (z;y) thudc dudng conic (S) khi
va chi khi 22 4+ y? + 4oy — 8z + 6y — 23 = 0 (dugc goi 14 phuong trinh ctia ( S ), tuy vay khong
phai 14 phuong trinh chinh tac). Héi (S) 1a duong gi trong ba duong conic?




P 1 .
Bai 2: Viéet phuong trinh dudng conic ¢6 tam sai e = E7 mot tieu diem F(—1; 0) va duong

chuan tuong tng 1a A: 2 +y 4+ 1 = 0. Cho biét conic dé la dusng gi?

Bai 3: Chting minh réing do thi ctia ham s6 y = az? + bz + ¢ (a # 0) 13 mot parabol c6 tieu

2 b 1 - A ? 1 A
diem la F (——; —) va duong chuan 1a A :y = —L, trong d6 A = b* — 4ac.
2a° 4a 4a

Bai 4: Cho hai parabol ¢6 phuong trinh y? = 2pz va y = az® + bz + ¢ (a # 0). Chiing minh

rang néu hai parabol d6 cit nhau tai bén diém phan biét thi bén diém dé ciing nim trén duong
. 9 5 b 1 c

tron (C): 24+ y*+ |- —2p)z——-y+—=0.

a a”  a

2 2
Bai 5: Cho elip ¢6 phuong trinh ;—5 + % = 1. Viét phuong trinh duong thang di qua diém
M (2;1) va cét elip tai hai diém A, B sao cho MA = MB.
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Bai 6:

Mot tau vil try nam trong mot quy dao tron va y
4 do cao 148 km so v6i bé miat Trai Dat. Sau khi

dat dugc van toc can thiét dé thoat khoi luc hap

dan ctia Trai Dat, tau vii tru sé di theo quy dao

parabol v6i tam Trai Dat 1a tieu diém; diém khéi M
dau ctia quy dao nay la dinh parabol quy dao.

a) Viét phuong trinh chinh tic ctia parabol quy
dao (1 don vi do trén mét phing toa do tng
v6i 1 km trén thuye té, 1ay ban kinh Trai Dat
1a 6 371 km).

b) Giai thich vi sao, ké tit khi di vao quy dao
parabol, cang ngay, tau vii tru cang cach xa




